SN 7
- 4 % 7
- —t=~
e e e e e A II._.l\hlrslxu\ll
v N H L e N N LR I
4 ISR S e e e i x
1 ezl EN 17 A
oo o e Sty It b
—— e [ Sl (S 0 SR = < H}IKIIFL/I




Ty
Cd

P e

rd

- iy

Fa B R b T S B
= nuu.u\.l.r/....*lllluﬂ ‘.nla\h-.r../l.LV

i N,
2l ezt Ik.\.llxlkl AN
J|l|“llM\|l._|J. lj -
A e b o M = S
~.” \\a.!\ N v R 7

llll
P
7 ] S
P [ s
o ———— ey —
prmpm—————e R
LY T =
bmm e =
/ A
N, \\ .
IIII'I







i\ ~N A~ A~ b e
%53 * 3 §F socseceso o
fo) ee] [s.e] o] 0 e8] S N -
NN > 5] ] 0 0 [ee] [ee] (0] 00 [ee) [o'0)
Z._ ~n ~ = D N N N N
B ok ke z oy oo T TR O b B oo RO
o o g_m ﬂm . i Ly oF M w0 w ook & OB o
—_ ey = - _ —_ = _— = —
wﬂ. .w 7 7 _n., .w o oF Mo T T WO W R % OB B
g i i T m :
- B : : : : : :
- : M 3 . . ~L N N
o 1o 3 : : : N : :
S I : T - :
o i T : : m B P35 :
o @ < : : : ) Y :
o : : : : :
- o : ) : oM T PR :
7 am : ~ R : T : :
o ® : N = : : .
E S % e : of o P ok P :
o T : : : i : :
S =T A+ N R Wi el e l_- P :
o X T = : N : :
v B L G A R m
Sy ow o 7T T OOEOW Fom o :
E g @ = . IPEFT LW E S T L
Ca 5 5 ® T o2 = ewm Y -~ T
- ° 9 W it i T o= ~ El 7 _ b
- ot ~ o M ~ -
] = = o A < - 4 G
T A O T X Tor G 7 — N
0 0 a . - o ok N~
o W d & o
~ ~ —
A ma K T T E]
o ow oh =







-

—
- T

o1

xFols m=
A SgE AFE Add Az do B, #HRE EF

z3e] ZAo] AASH AA FHYoh dupAztA| e Slox

g oold Aol glelE 2 4 4 3

g2
2
e
dlo
°
N
X
i)
lo
nJ
B
Y
o
o 32
o,
ol
o
rir
PO
rlo
o,
X
v

A, $ele olul Axe Au, A= Al A ek AAE T Sl7F =

A A e A4E, A% $5T A, 2@z bR $9% ABE A9 o

52 ohA AES Holok gt EF3 #E EAY. EAE A 2dwIAlT
X olFE AAHE I3dte EAE o AxelA HES E 2
o] BEE 3xb. oFA suh Hml EAY ARZEE A5 ShiE AASH 4
o 2 9g 2z JE sk BHE FA Eoldl @At Brh oAl 3k
A Zhcw gge sahe F3E A4E, zen A AAHH ARdE
2A =, B Bl ©S FelAz 2 HEHY S&Hol ©S FeteAlth
&g FAZ Atz ol EE W dE e ARl oA 7HH ®BR
31 Aolgt s o E&L A LFol AT FHL Foh okvt AL JE

oA dojrte ofw LB fEMel obdrt e



Z2hR1h O
ly O
BEY - ®mBL+ O
# {2 & O
= % £ O
h =
O0O-[zJElTl
2y Shha




-é—./\r:j
_'IEI__'

] Problem of Geometric Construction
[ Diophantine Equations

O Hl M8 WEAO] ol

“Mathematics is the Queen of Science
and Arithmatic the Queen of Mathematis”
-CF. GAUSS -
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Problem of Geometric

Construction

0|24 (84D

The problem of geometric construction is very classical and dis-
cussions were held even in ancient Greece on such problem as(i)tri-
section of an angle, (ii) duplication of a cube (i.e.,, constructing

-2%), and (iii) guadrature of a circle (i.e., constructing the sguare
root of the ratio TI. of the circumference of a circle to the dia-

meter). These three have been known to be impossible since the

last century,

We now discuss a criterion for the possibility of a geometric con-
struction and then discuss cases (i) to (iii) because they are histori-
cally significant,

In our discussion, a geometric comstruction is a plane construc-
tion using rule and compass only,

A rule is used only to draw a line through two given or construct-
ed points, A compass is used to make a circle whose center is a gi-
ven or constructed point and whose radius is either not specially
known or of length which is given or constructed, If no special po-
int or length is given in a problem, we understand that two pointsv
are given whose distance is the unit length,

On the other hand, a line or a segmeunt is given by two points, a
circle is given by its center and radius, a length is given by a seg-
ment (hence by two points), and an angle is given by its vertex and
edges of length one (hence by three points), Thus in any construc-
tion problem, given conditions are expressed by points, and the ob-

jects to be constructed are also expressed by points.
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In expressing a point on a plane, we can usecoordinates, say (a,b),
where a,b are real numbers, Then we can associate a complex number
a+b+"=1. Thus, considering the so—called Gauss Plane, we express
points on a plane by complex numbers,

In the following, Greek letters denote complex numbers, overbarr-
ed Greek letters denote complex conjugates,

Theorem 1. When 0,1, a, - ,&, are given points on a plane, we
can obtain a point f by a geometric construction starting with them
if and only if there is a seguence of fields L, CL; C-- CLs such
that

(i) Ly =Q (ay, - y y, Oy, e a,),

(ii) (Li :Li—;)=2 for each =1, - s and

(i) B&Ls., (where [ : ] denotes the degree of extension)

proof) The if part : The point of symmetry of a point with re-
spect to a given line can be constructed, and therefore a; are con-
structed, If two complex numbers a, @’ (£0) are given, then (i)
the product aa’ and the ratio @/a’ can be constructed because addi-
tion and subtraction of arguments and the product and ratio of ab-
solute values of @ and a’ can be constructed and (ii) @ = a’ can be
constructed obviously, Thus elements of L, are constructed, If a is
given, the ~/ @ is also constructed because half of a given angle and
~ le] are constructed,

Therefore if every element of L;_; is constructed, then every ele-
ment of L; is constructed, This proves the if part,

The only if part : Let us consider those cases where we construct
a new point from given points : (i) the intersection of two lines, (ii)
one of the intersection of a line with a circle, and (iii) one of the
intersections of two circles,

case(i) : Assume that 7y, 75, 73, r, are known points, rn7Fr, rs7r,

and the new point § is the intersection of the lines /;and [, going
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through' s, #, and 3, 7,, respectively, Pointson /, are expressed as
r1 +t(ro,—7) with real numbers ¢, Points on [, are rs+u (rq—7rs)
with real numbers u, Hence § is the solution of ri+i¢ (ry—7r )=rs+
u(r,—7;). Since t, u are real numbers, it follows that 7,+¢ (7,
—r)=ratu (ra—rs ). If (ro=r) (ra—rs) — (ro—r ) (re—rs )=0, it fo-
llows that (7,—7; ) (7,—7s) is a real number, which means that the
difference of arguments of r,—7; and #,~#; is a multiple of I(=180")
; hence these lines are parallel, which is not the case,

Therefore ¢ is rationally expressed by 7y Vg Tyttt .74, and hence

case(ii) : Assume that a line [ goes through a, » (a%%#) and the
new point & is one of the intersections of [/ and a circle with cen-
ter 7 and radius ., Then d=a-+ {(r —a) with a real number ¢ and
|6 —n] =7,

Therefore (a+¢ (r—a)-7) (a+t (7—a)-7)=¢* Thus ¢ is a root
of a quadratic eguation, Therefore 6 is an element of a quadratic
extention of Q(a,r,7,a,7,7).

case (ifi) : Assume that the new point J is one of the intersections
of two circles with centers 7, 7, and radii #,, ,, respectively (7,
#7,). Then (6-%;) (0—7; )=r" (¢=12), and 66— (07,487 ) + nip=
ri®. Taking the difference, we have (7,—7, ) 0-+(7,—7, ) d+0,7;— 7,7,
=7 ~r,". Since 7,77, We can solve the last eguation in 8 using 9,
Then, from the first eguation, we have a quadratic eguation on &
over @ (7, s T, U2y 7i%, 737 ).

In any case, the new point lies in the field of known points or
in its quadratic extension,

Therefore we complete the proof of the only if part, QED

Corollary 2. In the above Theorem, the condition is eguivalent

to the existence of a similar sequence with the additional condition

that Ls; is a Galois extention of L,.

proof : Assume that a sequence as in Theorem 1 exist, Then conju-
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gates of L, are obtained by successive quadratic extensidns of Ly:
the field generated by all the conjugates of L, is obtained similar-
ly. The converse is obvious, QED.

Corollary 3. Under the circumstances of Theorem 1, if 8 is ob-
tained by geometric construction, the degree of the minimal poly-
nomial for B over L,must be a power of 2, ( But not conversely
a root X*4+X+1 gives a counterexample ).

As applications of these results, we discuss three problems whi-
ch were stated at the beginning of this report,

As for the quadrature of a circle, impossibility is known by the
fact that the ratio /T is transcendental over @ ( we do not prove the
transcendence property of 7 ),

Impossibility of the duplication of a cube follows from corollary
3, because X* — 2 is irreducible over Q.

A proof of the impossibility of trisection of an angle can be given easily by show-
ing that there is a complex number a such that |a|=1 and such that
x°-a is irreducible over @(@). In connection with this, we want to dis-
cuss the possibility of geometric constructions of regular polygons,
This is eguivalent to the possibility of geometric constructions of
angle 27n/n when only the unit length is given,

Thus it is eguivalent to the possibility for primitive n-th roots
of unity,

Note that the cyclotimic polynomial ka(x) of order n is irreducible
over ¢ and its degree #(n] is egual to |Us| (the cardinality of Ua,
where U, is the set of natural numbers m such that 1<m<n and su-
ch that m and n have no proper common divisor, Therefore, if n is
a prime number, then ¢(n) = n—1,

Theorem 4. If p is a prime number, then a regular p-gon can be
obtained by a geometric construction if and only if p—1 is a po-

wer of 2,
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proof) The only if part follows from corollary 3 in view of the
fact that ¢(p) = p — 1,

Conversely, if p— 1 = 2% with a natural number s, then denoting
by § a primitive p-th root of unity, we see that Q(§) is anabelian
extention of @ whose Galois group G has order 2%, Hense G has a
composition series G =G, DGy oo DG, = {1} with # (Gi_,/Gi)=2 for
i =1,2, et ,s. Hence, by Theorem !, we can obtain & by a geometric
construction, QED

As for a general regular polygon, we assert the following:

Theorem 5 . Let # be a natural number = 3, Then we can obtain
a regular #u-gon by a geometric Construction if and only if n=2%X
Dioeeees ~ p: with nonnegative rational integers and mutually distinct
odd prime numbers p, oo , p+ such that p;_; are all powers of 2,

proof) The if part : Let &; be a primitive p; — th root of unity,
Then, by our assumption and by Theorem 4, each &; is constructed, We

may assume that the argument of &; is egual to 27/p;,, Then the

argument of Eennen &' is egualto 27 (my/py +-- —i—m@_/pt)-
Since pg, soeeee , p+ are mutually distinct prime numbers, we see the

existence of rational integers mgy, , m¢ such that the argument
coincides with 2m/p, - i) '

This proves that a regular py - p: — gon is obtained by a geome-
tric construction, Since the bisection of an angle can be constructed,
we prove the assertion for every s,

The only if part : If a regular n-gon is constructed,theﬁ for every
divisor #'(>3) of u, a regular #’-gon is also constructed obvious-
ly. Hence for every odd prime factor p, p— 1 must be a power of 2,
Since ¢(p?) = p® — p, a regular p® — gon cannot be constructed by virtue
of Corollary 3 and we see that p® cannot divide ., QED

Corollary 6. If p is an odd prime number, then a p-section of a

general angle (i.e,, 1/p of a given general angle) cannot be obtained
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by any geometric construction,

proof) A regular p? —gon is not constructed, nor a p-section of
2n/p. QED

Corollary 7., If the n—secti;n of every angle is obtained by a geo-

matric construction, then # is a power of 2, and conversely,
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1. Introduction
2. Diophantine equations
(1) axy + azn, + oo + anx, = b ( Linear equations )

(2) x%* —Dy* =1 (Pell’s equations )
(3) x> —Dy? =% ( Generalized Pell’s equations )
(4) ax® + bxy + cy® +dx + ey + f =0 ( Quadratic equations )
(5) x*+ y®> + 2%? = 3xyz (Markov’'s equations )
(6) x" + y* = z" ( Fermat’'s equations )
(7) mx® —ny? =1 (Walker’s equations )
8) a+b-10*=(Ca+b)* ( Hashway — Lossers equations )
(9) 2°—2°8 | po—yut for all #n ( Selfridge —Sun Qi —Zhang
Mingzhi’s equations )
3. Summary

4. References
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1. Introduction

H, Minkowski once said, “ Integral numbers are the fountainhe-
ad of all mathematics,” and K,F, Gauss said, “Mathematics is the
queen of the sciences and number theory the queen of Mathematics.”
I think that Diophantine equations and properties of prime mumbers
are the core of number theory, |

In this paper, I take up the study of Diophantine equations
(include the special cases ), The name honors the mathematician
Diophantus, who initiated the study of such equations,K Practically
nothing is known of Diophantus as an individual, save that he
lived in Alexandria sometime around 250 A ,D, The only positive
evidence as to the date of his activity is that the Bishop Laodi-
cea, who began his episcopate in 270, dedicated a book on Egyp-
tian computation to his friend Diophantus, While Diophantus’
work were written in Greek and he displayed the Greek genius for
theoretical abstraction, he was most likely a Hellenized Baby-
loninan, About all we know of Diophantus’ personal life is con-
tain:d in the following summary of an epitaph given in the Greek
Antlology ; His boyhood lasted %— of his life, his beard grew
after —é— more, after —;— more he married, and his son was born
5 years later, The son died 4 years before his father at %; his
father’s ( final ) age, From these data we have that he died 84
years, but in what year or e?en in what century is not certain,
(1] The great work upon which the reputation of Diophantus rests
is his Arithmetica, which may be described as the earliest trea-
tize on algebra, Only six Books out of the original thirteen have
been preserved, For a mathematician of the sixteenth century,
Diophantus was no easy text to decipher. Xylander was the first
to attempt a complete translation and published the fruit of his

efforts in Basel in 1575,02]
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2. Diophantine Equations

(1) aix, + azxy + oo + @n,%, = b ( Linear equations )

We consider the linear Drophantine equation a,%, + a,x, +

...... + aux, =b.

At first, we consider the case # =2, We have the following
theorem,

THEOREM 1 1% F asx, =b »  ay K0 Fa, ceeeeereeeeeeenns @D

Let ¢=Ca,, a,). Then
D If c¢+b , @ has no solution.

(WD If c¢lb, @ has infinitely many solutions such that .

(xl,xz)Z(rl-l- 22 4, gy, — alt)

c ¢
for varing integer t and Cry,7,) is any particular solu-—
tion of @.
proof : (71) Obvious,
() If ¢| b, then there exist s,;, s, such that
@18 +a232 - C.
: N b b . » .
Then (7,, 7, ) = (”c—sl,?sz) is a solution of @, Let
(x1,%,)=Cy,,y,) be any solution of @, Then a,y; +
Ay, = b = a7, + a.r,
i.e., ‘—Zéi(yl—rl):—%(yz-—rz> ................................. (*)
a
Since %,—%2—>=1, -%'—l(yz—rz) and czl(yl—rl),

for suitable integers ¢, u.

yl_"l:('—gc_z')tf yz’_rz:(L)u

In this case t = -u by (%), Thus ( 71 -l—-—ac—z-t, 75 —ab‘t D]
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is a solution of @, Clearly for any integer ¢,
( 7 —l—-a?z—t, 7, —%——t D is solution of @,
So our proof is complete,

( EXAMPLE ) Solve the linear equation 16 x; + 26 x, = 318,

Now we consider the # — indeterminant linear equation

a1%1 T @axy o + anx, =0
(n>2, (liio foy i = 1,2, ccecee ;ﬂ) ........................ @
If Cayray, oo , an» )t b, then our equation (@ has no solution,
a
------ :——-——-———-————————n 5:
So suppose (a,, a,, , @n) 1 b. Put B CINr™S) and
—8%nl__ then (B, 6)=1. And there exist integers a, 7

(an—lr A n )

such that «d — Bfr = 1. And put x,; =au + Bv and x, = Tu+ Jv

then we have @, 1%py + @u%n = C@ua+ a,7Du 1i.e.,

ai X +a2x2+ """ -+ an_zxn_2+(an_1a+anr)u:b """"" ®’
Since # = 0%, — BXns UV =—17%,, + ax, are integers if and only
if w'is integer, And @n.10 + an7 =—(Capnys an)ad + Canys an) Br
=—Can1r @n)» Cair asz, == s Gne1s G ) = Cay, @y, oo v Gnezr (@pors

@s)). So from @ we get the (#—1) -indeterminat linear eg-
uation @  Continuosly, we can get the linear equation which is

formed @,

( EXAMPLE > Solve the linear equation 21z +14x,+ 122, =1

solution : Since (21, 14, 12) =1, it has infinitely many integer
solutions, Now pBg=6, 6=-7, thus a=-1, r =1, So @,
+a.,7 = -2. So we have 21x, —2u =1, then (ux,2u) =(0(1-2¢,
10 — 21¢ ), And since # =20x, — fxs. So (x,,%2;)= (C -10 +
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2+t —6s, 10—21¢ + 7s ). That is, our solution is (x,, %, %3)
=(1—2¢t, —10+2¢t —6s, 10—21t+ 7s) where (s,t)E&EZ?

(2) xz —Dy2 =1 ( Pell's equations ) ....................................... @

In February, 1657, Fermat issued his Second Challenge, de-
aling directly with the theoretical point at issue ; find a number
y which will make Dy® + 1 a perfect square, where D 1is a
positive integer which is not square, Frénicle proceeded to cal-
culate the smallest positive solutions of x? —Dy®> =1 for all
permissible value of D wup to 150, and suggested that Wallis ex-
tend the table to 200 or at least solve x? — 151 y? =1 and x?
— 313y* =1, And we find a whole section devoted to equations
Dy* + m= x?, where D 1is positive integer ( tacitly assumed not
to be a square ), m is a positive or negative integer in the work
of Brahmagupta, dating back to the seventh century, (2]

As a result of a mistaken reference, the central point of
contention, the equation %% — Dy® = 1, has gone into thelitera-
ture with the title “ Pell’s equation”, The erroneous attri-
bution of its solution to the English mathematician John Pell,
who had little to do with the problem, was an oversight onEuler’s
part, On a cursory reading of Wallis’ “Opera Mathematica
(1693‘) ”, in which Brouncker’s method of solving the equation is
set forth as well as information as to Pell’s work on Diohantine
analsis, FEuler must have confused their contributions, By all
rights we should call %? —Dy? =1 “TFermat’s equation” for he
was the first to deal with it systematically, While the histori-
cal error has long been recognized, Pell’s name is the one that is
indelibly attached to the equation,

At first, we consider the properties of continued fraction,
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DEFINITION By a finite continued fraction is meant a
. 1
fraction of the form a, +
1
ay +
1
a, +
as;+
\\\\ 1
.

Where a; (0<i{ <% ) are real numbers, all of except po-

ssibly a, are positive, The numbers @; are the partial deno-

minators of this fraction, Such a fraction is called simple if

all of the a; are integers, It is convenient to denote the ab-

ove expression by [ ag, a;, == s G J. In this case we call ap

=-§—k-=an,a1, ------ sar) COZ<E<n) the k—th convergent of
k

Cagr @y v » ar ). Then the convergents satisfy the following :

Do = ao, D1 = aia,+ 1, Do = @GPy + Prz
go=1,, ¢q.=a, , qr = @rqr1 + Qi (2<ke<n)

Pk _ GrPr1 T Drs
q: ArGr-1 T Guz.

So ap =
And  piqo — qipo = Caao + 1)1 —aa, = (-1)171

We assume that the formular puqi; — geps: = (-1D¥' is true for

1<k<mn, then

Prr1qr — Qrarpr = Cappr + Pe-1 ) qr — (aIH-IQk + g1 ) D
== paqa-1 — qapp—y ) =— (1)1 = (-1)m

Thus prge1 — qape-, = (V1DF7, 1<k<n,
It follows that Cperqe)=1.
LEMMA 1 D qe1=qr (1<k<n)

W e t1=gs C1<E)
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proof : g, =1<4a, =q,. Assume that it is true for b=m<n,
Then qmt1 = Gm+1dm T m1 > Gmeiqn =1 * @ = qm
Thus ¢4y < gqr for 1<Ek<u, Furthermore ¢ + 1< g,
for 1<k<u,

LEMMA 2 D) oy < a, <ay < e
(L‘) g > a, > a5 > ......
(=) Every convergent with an odd subscript is

greater than every convergent with an even subscript,

proof : @®r2 — O = Cpur — Qpiy D+ Capey — @z )
_ ( Pr2 __ Pen >+ Dier  __ _Da )
q iz q k+1 q k1 qe

_ CDP Cgme — g )
gk Gb+1 G rr2

From above lemma, ¢q; < gs+z. Thus it is evident that ag.,

— a;, has the some algebraic sign as does (-1)%,

1y Ed
So (1),(x) hold, And ak—ak_lz—(—l—)——-, So (v) holds,

qrq b
And we ask ; Is every rational number is representable as a finite
continued fraction ? QOur answer is “yes”, ( Why ? )

Let {a;} be an infinite sequence of integers, all positive

except perhaps for a,, then the expression
,llz..':'o &, = f,i";o[(lo; aq, °°°°°° s anj
exists and denoted more simply by (ae, @i, === , @a,...J),is called

an infinite simple continued fraction,

DEFINITION A continued fraction is said to be periodic

if there exist k2 and L such that a4 =a; for [ > 1L,

We call k2 the period or length and we write

an’ ...... , aL—IIZZL’ ...... , ¢'1L+k—1]-
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DEFINITION We call a', = [ a@nys Gpegs =oooee J the (n+1)-th
complete quotient of [ a,, @,, *==* y p s e ]
Then, we have
ax = a'o N 144 :.E_lge_i_l_ a = a,npn—l + pn—z n 22
@ ’ & 0 a1 + qn-2 >

(If a is rational, then this hold up to =N )
Also we ask ;
B Let a, =Lag, a;, o , an ). Then does Y™ «a, exist ?

(1)  Is the representation of an irrational number by a simple

continued fraction unique ?

LEMMA 3 We have
qna—-pn:_(_:l.)_jl_ O<5n<1
qn+l ?
and qz?,, is a decreasing function of z#, (If & is rational,
n+1

then this holds only for 1<#<N—2, and &y, =1))

f } .
proo ; . Pa _ @ nia Dn -+ Pn1 _ Pn
qn a/n+1 Qn + Qn—l Qn
_ (-1
qn (a,n-i»lqn + qn—l)
5. = g n+1 _ _@nr19n + g
Hence LA 01,n+1¢]n + G a’n+1Qn T G
From this we see that 0<d,<1 except when @, =a'.
Also, from a, =1+ ,1 we have
n+ 1
0, _ 1 > 1 _ 1
qn+1 a,n+1qn + qn-—l - <an+l + ]-)Qn + qn—l Qn+1 + Qn
1 — 1 > 6n+1
Qn-2q n+1 + da q n+2 T Garz

In the last inequality, equality sign holds only when i1
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that is when a« 1is rational and n=N-—1

= a'pe1s
LEMMA 4 We have
| g =P | <1 L
qn ann—l (In
with the equality sign only when a is rational and n=N—1
proof ; We can deduce from above lemma,
LEMMA 5 Suppose that n>1, 0<¢<gq, and %?,t%l
Then | a —-g—”- | < | «a ———‘3 |. ( Best Approximation )

proof ; See (3], pl4, problem 2,

LEMMA 6 Let « be an irrational number, If the rational

number %, where b >1 and (a,b) =1, satisfies

a 1
o= 1 <73

then —g— is one of the convergents in the continued fraction

representation of a,

a .
proof ; Assume that 5 is not convergent of «,

form an increasing sequence, we see that

for which ¢, <b < gu:. For thisn

Knowing that g

there is a unique integer #
— ey b
ancx——p,,{_<__|ba—*a|—b|a b|<2b

( By lemma 5 )

D 1
Thus a . | < TP

From our assumption | bpn —aq. | =1,
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1 bg. —
Thus —<{|-Y99n — @Gn | __ | _Pn _ & DPa _a
bqn—_—l 7y | | b |SI———qn a |+ |« 5 |

1 1

<Zgo T 2pe

It follows that b <gq,. So is one of the convergents

a
b

g” , ending the proof,

We know that (x,y)=(C=*x1,0) are solutions if DF*O0,
We use the notation [_] ; ‘e =[_]" means that g is a per-—
fect square, i.e,, for some b >0, a=b?%.

(Case 1) D<-1
If y7# 0 then ® has no solution and if y =20
then (Cx,y)=(C=x1,0) are only solutions.
(Case T ) D=0
In this case (x,y)=(C=*1, @) are solutions of ®
for any integer a.
(Case M) D>0 and D=["]
In this case, we have
(x—4/Dy) Cx+4/Dy) =1
Thus x—4/Dy=1x+4/Dy =1
or x—+/ Dy =z ++/Dy = -1
ie., y=0
So (x,y )=0(C£1,0) are only solutions of @,
So we can restrict to the case D>0 and DF[_],

Let us say that a solution (%, y) of @ is a “ positive solu-

tion ” provided both x and 3y are positive.
LEMMA 7 If (p.g) 1is a positive solution of @),
then %;— is a convergent of the continued fraction expansion
of D
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proof ; We have (p —qg4/D)(Cp+qg4/D) =1 implying that
p>qgAD as well as that

b _ 1
q VD qCp+qa/D)

As a result,

ND 1

D _ D =
0<% ﬁ<q(q«/3+q«/5) 2q°

By lemma 6, —‘(I;— is a convergent of the continued fraction ex-
pansion of 4/D .

LEMMA 8 If lq)- is a convergent of the continued
fraction expansion of 4/ D, then (x,y)=Cp,q) 1is a so-
lution of one of the equations

x? —Dy® = k
where k] <1+ 24D.

proof ; Since % is a convergent of 4/ D,

If_§|<_q% ( By lemma 4)
Therefore Ip“qﬁ|<~ql—. This being so, we have
| p+av/D 1 =1Co—av/D)+2¢VD I <+2avD<(1+24/D)g
These two inequalities combine to yield

| p2 —q?/Dl=1p—q/Dllp+q/DI < (C1+24/D)

Without entering into the details of proof, let us simply
record the fact ; if D 1is a positive integer which is not a per-
fect. square, then the continued fraction expansion of 4/D  nece-

ssarily has the form,

‘V-D :,an,alyaz: """ s Aps A1y Ao,y °°°°°° sy Bpy °°°°°° :I



21 @ Diophantine Equations ¢

:[aoyé1)a2, """ ’én]
:an,dl,az,ag, """ ,a3razya1,2ao]

In the case in which. D=19, f{for instance, the expansion is

V19 = (4,2,1,3,1,2, 81

Lemma 7 indicates that if the equation x? —Dy? =1

possesses a solution, then its positive solutions are to be found a-

mong (x,y) = (ps, qe) are the convergents of 4/D . The period

of the continued fraction expansion of 4/D provides the

x> —Dy® =1 actually does have a

infor-

mation we need to show that

solution in integers ; in fact, there are infinitely many solutions,

all obtainable from the convergents of /D .

Let the convergents of the continued fraction ex-

LEMMA 9
pansion of ﬁ be gz , If m is the length of the period
of the expansion of 4/D, then
Prnt® = Dqin-i® = (-1D* (k=1,2,3, = ).

proof ; For %k =>1, the continued fraction expansion of \/—5

can be written in the form

VD - Ea()’ A1y Aogsr °°°°°° s @ bhn—1> x,m]
Where &g = [ 2a0, @y, oo s Gne1s 200 ) = a, + 4/ D
Y n ~ +pk—
Th .D — Xk pknl n—2
“R )\/ xknqlzn—l + an—z

Upon substituting 2 = ao +«/§ and simplifying, this re-

duces to

R -D( Qo bn-1 s q bn-2 — pkn—l ) = QoD bn-1 + pkn~2 - Dqkn—l

Because right-hand side is rational and 4/D is irrational.
SO QoG bn-1 + q bkn-2 — pkn—l 9 aopkn—l + pkn—z = Dqkn—-l
So we have pini® = D@in1® = Prn-1@inz — Qn-1Dpn-s = (~1)*72

= (-1
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So our proof is complete.
Corollary 1 Let gk be the convergents of the continued
B
fraction expansion of 4/D and let #n be the length of the
period of the expansion.
() If # is even, then all positive solutions of ® are
given by
(x»y):(le—u qkn—l) (k:l’ 2, 3, """ )
(L) If #u is odd, then all positive solutions of @ are gi-
ven by
(xry)z(pzkn—l’ qzkn—l) (k:]-, 2, 3, """ )
proof ; It has already been established that any positive solution
(%or y0) of ® 1is of the form (xor ¥0) = Cps»rqr) for
some convergent L
e
Let us define the “ fundamental solution?” (x¢,3,) of ®
to be its smallest positive solution. That is, it is the posi-
tive solution (%o, yo) with the property that xo, <%, Yo < ¥

for any other positive solution Cx, 9D

Corollary 1 furnishes the following fact ; If the length
of the period of continued fraction expansion of x/if is n, then
fundamental solution of ® 1is given by (%, y) = Cpu1s gn1 )
when #n is even ; and by (%, 9) = (pamis o1 ) when #z is odd.
But finding the fundamental solution can be a difficult task,
since the numbers in this solution can be unexpectedly large, even

for comparatively small values of D. For example x? — 991y =

1 has the smallest positive solution
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( ¥ =379516400906811930638014896080
y= 12055735790331359447442538767.

THEOREM 2 If Cx,,9,) is the fundamental solution of

®, then every positive solution of the equation is given by

( %n» yn ), where x, and y, are integers determined from
Znt yu/D = (x4 95,4/DI" n=1,2,3, = :

proof ; (Step [ ) It is a modest exercise for the reader to ch-

eck that x, — y,4/D = C(x, — y,4/D)"
Further, since (x,, y,) are positive, (x,, y» ) is positive.
Thus, .2 —=Dy.> = (2 + 9.4/D) Cxa — ya4/D)
= Cx,+9:4/D)" Cx, — 9,4/DD"
= (x?2—=Dyl2)"=1
So (%n, y,.) is a solution for all #.

( Step I ) Let us suppose that there exists a positive
solution (%, v) which is not obtainable by the formula
(x1+ y14/D)". Since x,+ y,4/D>1, the powers of x, +
y14/D become arbitrarily large. So assume that

Cxr + 914/D)" <u+ v4/D< (x, —I-ylx/bn)"“
So #atyuA/D<ut+v4/D< Cxy+3y,4/D) Cx1+y,4/D)
Then 1< (x,—9.4/D)Cu+vy/D)<zx,+y,4/D
Let r+s4/D = Cxn— y,4/D)Cutv4/D). So

¥ =%au — y.0 D, S = XaU — Yol

Then r? —s’D=(x,2—Dy. )(u?—Dv?) =1
So (7,s) is a solution of ® satisfying 1<r7r-+s4/D
<%+ y.4/D

(Step 1) To complete the proof, we shall prove that

(7r,s) 1is a positive solution.

Because 1 <7 + s4/D, we find that 0<r — s4/D<1.
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In consequence.

2r = (r+s4/D)+ (r—s4/D)>1>0,
s//D=(r+sy/D) —(r—s4/D)>1—-1=0

So (r,s) is a positive.

Corollary 2 If D>0 and D7 [], then ® has infini-

tely many solutions. If Cxy»y1) is the fundamental solu-

tion, then every solution of ® 1is given by (x,y) where
£ Cxy + 314/ DD" = x + y4/D

for all integer w#.

proof ; By theorem 2, every positive solution is given by

(x,y) where (x, +y:4/DD" =x + y\/ﬁ- and all positive

integer #n.

For non-positive solution, there are three cases.
(Case 1) x>0, y<0 ; x+y4/D = Cx,+y:4/DD* when x<0
(Case 2) x<0, y>0 ; x+y/D=—Cx,+y,4/D)" when <0
(Case 3) x<0, y<0 ; x+y4/D=—Cx,+y,4/D)" when n>0

oy

(EXAMPLE) Solve the Pell’s equation x? — 7% =1

solution @ JT=02,1,1,1,4]

And the initial twelve convergents are

2 3 5 8 37 45 82 127 590 _717 1307 2024

1" 1° 2° 3 14’ 17’ 31° 48’ 223’ 271’ 494’ 765

And the length of this expansion is 4.
Thus (ps,gs)=10(08,3) is the fundamental solution.

So general solution is given by (x,y) where

%+ y/D==%(8+3,/7)" for all nEZ
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7 x y

0 1 0

1 8 3

2 127 48

3 2024 765 etc.

(3 x* =Dy =¢ ( Generalized Pell’s equations )
We immediately know that if 'g— is a convergent of @, then

1 .
| « —5 I <F. But the converse of this not true. We shall now
determine a necessary and sufficient condition for 2 ¢ be a

convergent of «a.

THEOREM 3 ( Legendre’s Criterion )

Let ¢9 =g%a¢ —pg, e==x1, 0<9<1, and let %Z[ao,---

n—-1 7

ny ) = % (-1D™' = e. Then, a necessary and sufficient

P

condition for r to be a convergent of a is that

o< 9t
T gn qn—2
proof ; We can now write a — Dwr _ 6192
Qn—l qn—l
We define g by a= DosB Tt Pros so that
q:z-lz Qn—z
¢ _ PuiBt Pus _ Pur _ -~
Gnt’ Gn1B + Gz qn1 Gn1 CqnaB + qnz)
— 3
Therefore 9= __9dm .., = 4n1 — Y2
gn-18 T oz b€ A 4G ny

Since 0<Id<1 we see that B>0,
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Now a=[aq, == y Gn1, B). 1f Bp=>1, then B=2a, and
this means that —él is a convergent of a. If 0< <1, then
Can —l—%] =@gn, ¢, ¢>0 so that a=UC{ag, === y Gnezs @
rs

+ ¢, e 1 and we see that [ @y, == , @n;) is not a conver-
gent . So our proof is complete.

LEMMA 10 In the continued fractions expansion of \/—5‘,

the numbers «’, must take the form.

«/Dl;*-An, A?=D (mod B,)

where A, and B, are integers.
proof ; We use induction on n. First, 4/D—[4/D]= ;%— so
1

that the required result holds by setting A, = [\/_D_]

B, =D — [(4/D]?. We now assume as induction hypothesis that

a, :————————”DB—I—A". Since a, = a, + ,1 we have to find two

n+1

integers Aps1» Bawn such that

Mm +1__§_4:‘i__

B. N v D+ Anui
and Ap? =D (70d Bary ) eeeveescereeressesceresssastonisnsnsnsnesssanenne (%)
This means that we have to find Apwi, Bawy so that
D+ AyAp; = GnBnApis F BuBpsp crececeseresssessnsesanensianenns (%%)
Ap F Apei = @nBn  veeeererneesssnesecseraceiaccriiettitiiaiitiitttasoiaa (wxx)
From (%), (*x), (®%x%x) we have D — Au® = BpBpsg *oo0eeee (s

If (*#%x) holds, then also (*) holds ; and (**) follows from
(#%%) and (##%#x%). It remains therefore to find A, Ban so
that (%) and (*#*%%) are satisfied.

From (**%) we have A, =A,u®> (mod B, ).
We see that D = An..,® (mod B, ) so that there exists B,

Satisfying (##%%x).
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THEOREM 4 The equation x? —Dy? = (-1)" B, is always
soluble.
If k#(-1D"B, and |kl <4/D, then the equation 1z? —Dy?
=k has no solution.

proof ; We have

)\/—D—' — pn—-laln + Pn—z _ pn-l (’VD"" An ) + pn—an

qn—-laln + Qn—z qn-x (’\/Dm_ih An ) + qn~an

and since V/E is irrational, we have, on clearing the deno-
minators, pPag = @u-1da t @n2Bns Dqgu, = puniAn + pasBa
So we have

Pu1® =D qui® = (Pui@uz = Pu-2@uo1 ) Ba = (1)" B,.
For the last part of our theorem, we shall prove the following
statement ; Let p, ¢ be positive integers satisfying

p

| p? — a?q? | < a, then " is a convergent of a.

Let a?q® — p? =¢da, e==x1, 0<6<1., Then ag—p =

eda _ o _ _dag . 0aqa,
ag +p’ so that 9=cqlaq P)—aq_’_p  aga1 * Pat
D" =
From Legendre’s criterion we see that it suffices to prove
5(an_1 q n-1
that i ¥ < pr that da (gny + qur ) <
A n—1 + Pa-1 -

Now this inequality holds when # =2, So that it suffrces
to establish  aguy = puy < a(gny — gns) for un>2

eda

aq n—1 + pn-l

But agn; — puy = , and by lemma 2 we have

1

n—1 " n——>l T
ot = Gne = 1 > A ny F+ Do

So our statement is true.

It follows that the last part is true.
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Consider the equation 2 — Dy? = k seeesesesesssssnsinnininniiiueae @
If |%]| <\/_, then by theorem 4, all the solutions can be obta-
ined from the continued fractions expansion for \/D—
That is ; Let m be the period of the continued fraction expansion
for 4/D . Let n>L and p,,* —Dg,.*=(-1)"B,. Then
Ploriim — D qPniitm = (1)™*™B,.
We now assume that |k| >4/D. Then we can still reduce it
to the case when |k| <<4/D . Let k = 3dk,, ko > 0. 0 ==41.

Suppose that (x, y) is a solution of @, Then there exists
C#1s 91 ) such that y; — oy = 8 cosereorsncormesesescsniscencntonsssscenenss ®
So Cxxy —Dyy )? —DCxy,—x,9)? = 0ko Cx,*—Dy,*)

or (xx,—Dyy)? — D= 68ky (x> —Dy,®).

Let (xo»y0) be a solution of ®. Then all the solutions to
® are given by x, = x, + tx, y, =y, + ¢ty so that xx, —Dyy,
=zxx, —Dyyo + (x*> —Dy®)t = xxy — Dyy, + 6tk,. We may there-
k() .

2

fore choose ¢t so that |xx, —Dyy,| <

2 _
Let | xx;,—Dyy,| = 1. Then xlz—Dylzz—l——BF——Q:nh’
0

p ==x1, h>0.

max (D, 1%) ko®
ko < ko ko

Therefore h <

From this we see that from a solution of @ we arrived at a
similar equation with number % which is smaller.

If this number is still greater than JE we can repeat the

argument .

We first solve for all those [ satisfying [* = D (mod Fk, ),

and we let them be [, [,, == , ;. Set

’

o<1 <k

l;* =D
ok,

2 =Dy =u9:h; (148 ). Suppose that k; <4/D . Then

+1, 2; >0 and solve the system

= 9ihis 7
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we use the method of continued fractions. Let (x;, y;) be a

solution. Then

_ -'5Dy,' + [ix; -0x; =% liyi
Cx,y)= ( Y 7k )

is a solution of @,

(EXAMPLE) Solve the equation x? — 15y% = 61  ceeoveeeererenn (%)
solution: First, solve [2=15 (mod 61), 0<1< 621-
ie., [?=154+614, 12<900 so h =10, [ = 25.

Now we solve xlz — 15y12 = ] cecccecceccocccscaccccscccccsscsoscoosn (**)

Since 10 >4/15, we consider [ =15+4+ 104, < 10 .

This gives hA=1, [ =5 so that we have to solve

From the method of continued fractions, the solutions of (i)
are given by x, +4/15y, == (4 +4/15 )". Therefore
%1 +4/15 3, ==+ (4 +4/15)" (5 io\/ﬁ) and so
#4415y =% (4 4,/15 )" (5 +4/T5) (25 £4/15) /10
Here three signs & are independent so that either
x++4/15 y ==+ (4+4/15 D" (14 + 34/15)
or x+4/15 y == C444/15 D" (11 + 24/15) .

4) ax® + bxy +cy® +dxr + ey + f =0 ( Quadratic equations )

We shall solve the equation

ax? 4+ bxy + cy? + dx + ey 4+ f = 0. coeecerrerrecsnciinnncnnnenn, ®
We write D=2 —4agc. Assume that D= 0. Then we multi-
ply ® by 4a giving (2ax + by)? + 4adx + 4aey + 4af = 0,

which is not a difficult equation to solve.

Let 2ax + by = ¢ so that
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t? +2C2ae —bd)y+ 4af =—24dt,
(t+dd)*=2Cbd —2ae)y+ d? — 4af.
Then the number ¢ can be obtained from the congruence ({+d)?=
d* —4af (mod 2(Cbd —2ae)), and so x, y can be solved.
Now we assume that D# 0. Multiplying ® by D?
We have aD?*x® + bD*xy+ ¢cD*y?> +dD*x + eD*y + fD* =0
Substituting Dx=1x"+ 2¢d —be, Dy =y + 2ae — bd into our
formula we have
aCx’ +2ce —bed)® +b(Cx" + 2cd —be)(y + 2ae — bd)
+cCy" + 2ae —bd)®> +d(x" + 2¢cd — be)D
+ e(y" + 2ae —bd)D+ fD* = 0
i.e.,
A1 F BEY A T =R eeeereneesenerientiee e @
where ~k =

a(2cd —be)®+ b6(2cd — be)(2ae — bd) +c(2ae—bd)?
+ dD(2¢d —be) + eD(2ae — bd) + fD*

We see therefore that whether (® 1is soluble depends on whether

@ has solutions satisfying

x' = be—2cd, y = bd — 2ace (mod D)

So we discuss the equation @°.
ax®+bxy + cy®? = bk
(Case 1) a=c¢=0 ; We have

bxy =k, so if btk then

@’ has no solution and if b| k%2 then &’ has solutions

and it easy to solve.

Let D=5 — 4qc. It is called the discriminant.

(Case T ) a#0 or ¢F£0

Without loss of generality we assume that a7 0,

From @ we have (2ax + by)? — (b® — 4dac)y® = 4ak.

(2ax + by)?* —Dy* = 4ak.

1.€0,
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@) D=0 ; We have (2ax + by)? = dak.
If 44k is a square number, then we have.
2ax + by = % 2 +/ak
It is the problem of (1),

Otherwise then (@)’ has no solution.
(EXAMPLE) Solve the equation 18x% — 60xy + 50y% = 8

solution: We have 2(3x —5y)?=28. i.e., 3x—5y=z42
So we get solutions
Cx, y)=C4+5¢, 243¢) or Cx, ) =C1+5¢, 143¢)
where &7,
() D=0, D=[_] ; Then we have
{2ax + Cb—/D Dy} {2ax+(b+4y/D Dy} = dak
Put 4dak =mn . And we solve the following
equations 2ax + (b—/D Dy =m, 2ax+Cb+y/D)y=n.
It B the problem of (1),

(EXAMPLE) Solve the equation 2x% — 3xy — 2y% = 18.

solution : We have D = 25. And (x—2y)C2x+y) =18
22 +y 1 2 3 6 9 18
x — 2y | 18 9 6 3 2 1
x 4 3 4
y -7 0 1

Thus Cx, 9 ) =(4,-7),(-4,7),(3,0),(-3,0),(4,1), (-4, -1)
) D<0 ; In this case —D= |D|, so we have
(2ax + by )® 4+ |Dly? = 4 ak
Thus the necessary condition that this equation has a solu-
tion is ak >0 and |D|y? < 4qk.

Thus we can find x for the integer y such that

4 gk
< =
Iyl= /D]
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Of course it suffices that we consider the case

y=>0.

(EXAMPLE> Solve the equation 3x2 — 4%y + 3y% =35
we have D= -20 and |yl <4/ 21.

solution : In this example,
So |yl <4
y 0 1 2 3 4
x : 4 . . 1

Thus (x,y) =(4,1),(4,-1),(1,4), (-1, 4)
@ D>0, D#[_J ; In this case, it is the problem of (2) .

THEOREM 5 We call (x,y) the proper solution if (x, y)=1.

Let (x,y) be a proper solution to @’ . Then there are two

uniquely determined integers s and 7 satisfying

xs—-yy:l ................................................... (“[)
and the integer [ = (2ax +by)r + Cbx +2cy)s
satisfies 12 = DCmod 4k), O] < 2k cecevocccrocaceceonnacunce (L)

(705, 5S¢ ) be a solution to (7). Then the general

Cr,s)=Crothx, so+thy).

proof ; Let

solution to (1) is

Thus [ =(2ax+by)re + Cbx+2cy)so + 2hCax®+bxy+cy?)

=1lo+ 2hk.

So that we may choose a unique /% such that 07 <<2%k.

Finally we have
1= {(2ax+by)r + Cbx+2cyds }?
=4Car®+brs+cs?)Cax®+bxy+cy®)
+ (b —4dac)(xs—yr)?

=D (mod 4k )

THEOREM 6 Let (Cx,,y;) and (x,,y,) be two proper solu-

tions corresponding to the same number [ in our previous
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theorem. Then we have

Zaxl"l—byl‘i'\/Dyl = <2ax2+by2+"/ﬁy2) (t————l_zui,l) (E)

where ¢ and # are integers satiseying

t2-—-Du2 = 4 cceecccccecctacccacsoscccsoscosoossestoosaccccsaccsons (E)

Conversely, if (x,,y,) is a proper solution, then the num-
bers (x,,y,) defined by (=) also give a proper solution and

both solutions correspond to the same number /.

roof : (1) Put ¢ = (zaxl+by1)(2(lx2+by2)_Dy1yz
P ’ 2 ak ’

w = —(xlyzk— X2Y1)

Then
FruvD _ C2ax,+by.)C2ax,+bys) —Dyiy, £2a(x19: — %29.)4/D
2 4 ak

(2ax,+by, ¥4/D y,) (2ax,+ by, +4/D y,)
" (2ax,+by, +4/D y:) (2ax,+by, —4/D y1)

(2ax,+by, F4/D y,)) (2ax,+ by, ix/j:):yz)
(2ax,+by, +4/D y,) (2ax,+by, —+/D y3)

t*—Du* _t+4Du t—JT)uZl
4 2 2

Thus (=) follows. Next from

We see that ¢ and u satisey (&). Also
2ax,+by, = (2ax,+by,)(s1x;—71y:1)
=(2ax,+by,) syx:—1ly, +Cbx:+2cy.)s:1y:
=-ly, (mod 2Fk)

Similary we have 2ax, + by, -ly, (Cmod 2Fk)

Il

Therefore 20a(Cx1y, —x29:1) = 0 (Cmod 2k )
(b+1)Cx1y, — 22910 = 0 Cmod 2k )
Similarly we have
2¢(x1y, —x:91) = 0 Cmod 2k )
(b—1)Cx1y: — x291) = 0 Cmod 2k )
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But (2a,b+l,b——l,26)=(2a.2b,26,b+l)§2
So that x,y,—x,y1 =0 ( mod k)
This shows that # is an integer. Therefore t? is an inte-

ger, and since ¢ is rational, ¢ itself must be an integer.

(2) Suppose that (&) and (2. Then

_ t—bu _ t =4 bu
X = 5 Xy — CUY2» Y1 = GUX, T 5 Vs
Let #,, s; correspond to the solution %, ¥:- Then
rz=t;burl+cusl, sz=—aur,+t;bu S

correspond to the solution x,, y,, because

1l =15 —yir:1 = ( t—;buxg—cuh) s, — ( aux, + t;buh)rl

t+ bu 7’1)

=x2<t——_l-]—u*sl—~aurl> ——y2<cusl+ 5

2
= X3Sy T Yol a-

Finally, let [, and [, correspond to (x1,y:) and (%2092,

respectively. Then [, = 2ax.r; +b(x s +yiri)+ 2¢yi8:

=(2ar1+bsl)<t;bux2~cuyz)+(brl—l—2631)<aux2+t;buyz>
:{2a<r,—t—_§ﬂ+ sluc>+b<slt—2bu+rlau)}xz

+ {b<7'1 t;—bu—slcu)—l—Zc( S t;bu —rlau>} Yo
:2ax27'2+b(x232+y27’2>+2()y232 == lz

Qur proof is complete.
Let (xo,%0) be a solution of x? —Dy* =4 in which
Zo T Yo A/ D is least (%o >0, 3,>0 ).

Let e :l&iz_y.o_i‘l_)_ N E = . ()__.—___E'y_.o__—...— VD and let
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L=2ax+ by +4+/Dy L = 2ax+ by —+/Dy.

DEFINITION Let D>0. By a primary solution to @' we

mean a solution which satisfies.

— L
L>0 1< I—Z—I < &?
THEOREM 7 Let D>0. If @  has proper primary solu-
tions which correspond. to the same [, then it has a unique

proper primary solution.

proof ; From theorem 6 we know that if C(x,, y,) is a proper

primary solutions to @', then, on denoting by L,, the
associated number L, every proper solution of (@ correspond-

ing to the same [ can be represented by L ==xL,¢". We have

L L,e™
| =] = | 225 | = |22 e
L Los

0
so that 1< |=]| <e? only when % =0, and
in this case L =1L, >0.

Theorem 7 suggestes that in solving the equation @ there

is no need to search for integer points on the whole hyperbola.

The primary solution occurs in a finite part of the hyperbola, and

having obtained the primary solution we may use the formula L =

+ Loe™ to find all the other solutions. That is, if ¢ 1is know,

all the solutions can be obtained in a finite steps. Specifically,

from

Lo

LoLo = 4ak, L,>0, 1<| | <e?

We see that

_ N LL, % /Lo
ILOISILOI—/ I, —ZVIakl/ I, < 24/ lak]| ¢
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or

|20/ Dyl = Lo —Lo | < Lol + Lo 1 <44/ Takl ¢

.. lak|
<
giving Iyl _26/ 5

That is we need only find a solution which satisfies

0<y<2¢ / |tg€| and the rest can be obtained from

L =xL,e™.
When >0, 2>0 we deduce from L >0 and LL >0
that L >0, and whence L <L so that

0<24/Dy =L—-L<L= /LZ% < e +/Tak.

k
Therefore 0<y<ce /__% . esessesesssecsssessssssscessseiacsrsrcesacsnacnns (A)

(EXAMPLE) Solve the equation 2x° — 10xy + 11 y? = 11.

solution: we have D= 12. We solve the equation
t2 —Du?® = t?—12u% = 4. From tlke section (3)
We have =0 and [ =2. (v [*=12 (mod 4))
So I,=0, »,=-1, h, =23 and
l,=2, n,=-1, h,=2.
So we shall solve the two equations
. x12~12y12:~3 ............................................. @)
g 129, = —2 eeeesecensen e ®

Since 3<12 and 2 <4/12 and ‘\/12:E3;2'6]’
we have the following table. (3]

qs 3| 2| 6| 2| 6
pe| 1| 3| 7| 45| 97| 627
Q. | 0| 1| 2| 13| 28] 181

Thus @O° has smallest positive solution (3, 1),
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¥ .
and @  has no solutions.

That is, {(x, Pz +4/12y =2(3+24/3 )21 .3,

n=20, 1,6 - } is solution of @F.
So KtJOIt+vq§u=tt;£?(3+2J§5”“,
n=20, £1, -« }=:{(tJmlii%ﬁzzzzi(&hﬁD"}
is solution of % — 1242 = 4.
And from (A), 0<<3;§;5V/§§f::5.05 ------ _
We have
y 1 2 3 4 5
x 0,5 . 11, 4

By theorem 5, we have [ =10, [ = 12 ( /2= 12 (mod
44), 0<7<22). Then (0,1) and (11, 3) cor-
respond to / = 10, (5,1) and (4, 3) correspond to
[ =12.

So by theorem 6, we have that our solution (x, 9)

satisfies the following equation.

22 —5x+4/3 y =2(5—4/3)(2+4/3)" crerene &)
28 =5y+4/3 3y =2 (5+4/3 D(244/3 D" «oreeee (L)
AS VA

Here is our solutions.

Q) )

7 + x +y n + x *y
3 165 49 3 340 101
2 44 13 2 91 27
1 11 3 1 24 7
0 0 -1 0 5 1
-1 - 11 -7 -1 -4 -3
-2 - 44 - 27 -2 - 21 - 13
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(5) x? + yz + z? = 3xyz (Markov's equation) ...........................

THEOREM 8 Let %o, Yo, 2o be a solution to ®. Then so is
Xo» Yor» 3XoYo— Zo-
(proof) #2432+ (3x0y0—20)% = x4 + 3° +2,° —6x0¥020+9%,%y,°

== _3 x0y030+9x02y02 == 3x0y0(3x0y0—Z())-

THEOREM 9 Every solution of can be generated from Theorem
8 with =9y =2z=1 as an initial solution.
(proof) 1) s=y=2z ;, x=y=2z=1.
@2 x=yFz ; 2x2+2* =3x%2. So x?|z® (or xl2z).
Let z =wx. Then 2+ w? =3wx Cw>0). So wl2, .ie.,
w=1or 2. But x#7# z so that w=2 giving (1,1, 2)
and this is a solution generated by (1, 1, 1) from theorem

8.
@) #x<y<z; From z?—3xyz+z>+y>=0 we have

2z = 3xy £4/9x%y> —4 C x>+ %)

If 2z =3xy—4/9x%y% —4 (x*+y*), then from
8x2y? —4x? —4y? =4x2(p?—1)+4y° (x> —1)>0
2z < 3xy—xy < 2xy i.e., z < xy-
But 3zxyz =z +y2+2? <3z? i.e., z > xy.
It is a contradiction. Therefore
2z =3xy +4/92%y? —4 (x*+9*) > 3xy
ie., 3xy—z<az.

In this case, we can reduce the value of x + y + z,
so that after a finite number of successive steps %, ¥
z cannot be all different which means that we have

reduce the pr‘esent case (1), (2.
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Here is solution table such that 1 <y <2z <1,000.

z 1 2 5 13 29 34 89 169 194 233 433 610 985

y 1 1 2 5 5 13 34 29 13 89 29 233 169

x 1 1 1 1 2 1 1 2 5 1 25 1 2

Generally, we can discuss the equation x, 42,2+ -+ x,2=nx; ~ %,-
If Cxys o x,) is a solution, (g, >, Znyyy X1 X2 **° Tnog — %n )
is a solution. (# >3 ), If n=2, then x =y is the solution.
6) x4+ y* = z" ( Fermat’'s equation )
Pierre de Fermat was French judge who lived in Toulouse.
In the margin of his copy of Bachet’'s edition of the complete
works of Diophantus, Fermat wrote ; It is impossible to sepa-
rate a cube into two cubes, or a biquadrate into two biquadrates,
or in general any power higher than the second into powers of
like degree. I have discovered a truly remarkable proof which
this margin is too small to contain.
Pythagoras was supposed to have proven that lengths a, b, ¢
of the sides of a right - angle triangle satisfy the relation a’
+ 5% = c?. But the situation is already very different for cu-
bes, biquadrates and so on. For this case #=2,3,4,5,7, 14,
see [5].
I shall introduce the Kummer’s main theorem without proof.
Kummer was born January 29, 1810 in Sorau in derNiederlau-
sitz (Province of Brandenburg ). His family was rather poor and
became almost destitute, when his father died of typhus. ( Ku-
mmer was then 3 -year—-old.). In 1828, he entered the univer-
sity in Halle. His interests were philosophy and mathematics.
As a third-year student, Kummer solved a “Problem for prize 7,
beginning to assert his very special mathematical talent. In

1842, he was appointed at the Univ. of Breslau and the same year,
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=1 -
he became a corresponding member of the Berlin Academy of Sci-
ence. In 1855, he was appointed a professor at the Univ. of
Berlin, succeeding Dirichlet, who died a few years later. In
Berlin, he taught courses about analytic geometry, analytic me-
chanics, surfaces, number theory and he acquired thereby a solid
reputation as a teacher. He married twice and was the father of
nine children. He died at the age of 83, of influenza, on May
14, 1893.

In order to prove Fermat’s claim it suffices to establish

the case # =4 and when # is an odd prime. (To the reader).

Kummer’s Main Theorem

If p 1is a regular prime, there exist no (nonzero) cyclo-

tomic integers a, B, 7 such that a?+p8247r? = 0.

Let p >3 be a prime number and { =, be a primitive
pth root of 1.

A prime p said to be regular if does not divide &% = h(p)
(it is called the class number ) of the cyclotomic field K=Q (0.

In this case. &(p) = h,(p)h,(p) where

1 , .
M) = i | G@EGD e GG |
2(p—3)/2 (p—3)72 (p—3)/2 i
and 4,(p) = —— I > p™ilog | 1—C¢ ] I
R k=1 j=0

where 7 is a primitive (p — 1)th root of 1, g is a primiti-

tive root modulo p, g; =g’ (mod p) with 1< g; <p—1 and

2 .
GX) = ¥ g:Xx/
i=o

The proof will be introduced in next article.
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(1) mx? —ny® =+1 (Walker’'s equations )

In this section, we shall develop a formula for all solu-
tions of the title equation due to D. T. Walker.

In this discussion, we are concerned with positive integral
solutions of mx? — ny? ==+ 1, where m and # are positive inte-
gers and neither is a perfect square. We shall treat both equa-

tions together as

Morever, we will develop relations between solutions of,
when it is solvable, and solutions of the Pell’s equation in the

form.

with which we will frequently be concerned.
DEFINITION A solution (x,y) of @® is a positive solu-

tion of @ if both x and y are positive.
It can be shown easily that if (=x,, y,) and (x,, y,) are

positive solutions of (@ then the following statements are equi-
valent @ (1) x, < =x;, Gi) y, <y,
Ciii) sovm+ yovun < x,vm~+ y,vm

DEFINITION A solution (x, y) of @ is the smallest

solution of @ if it is the positive solution in which both «

and y have their least values.
LEMMA 11 If Cx,y) 1is a solution of @, and (r,s) is

a solution of @, then (xr+nys, yr+ mxs ) is a solution of @,
proof : Cmx?—ny?) Cr?—mns?) = (E 1)1 =m (x*r>+n?y?s?) —

nCy?r2+m?x%s® ) =m(Cxr+uys)? —u Cyr+ mas)? =+ 1.
LEMMA 12 If Cx,y) and (%", y') are solutions of @,

then (mxx" +nyy", xy"+x"y) is a solution of @@,
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proof : (mx?—ny?) (mx"?—ny?) = (£1D(x1) = Cmxx" +nyy’)?
—mn Cxy’ +x"9)% = 1.

For the remainder of this discussion we will sometimes denote
solutions xvm—+ yvn and »+ s+v/mn of equations @ and @ respectively
by (x, ) and (r, s), and the product of two solutions by (x, »)-(r, s).
The following function F(x, y) has been studied by K. Peter and F.Arndt.

F(Cx,y) = Caxy/m~+ yyn)? = Cmx?+ny?) + (2 x9)/mn
for a solution (x,y) of @,
Note that the function F, which maps solutions of @ into
solutions of @, has the following properties :
(i)Y F(C-x,-y)=FCx,y),{i)y F(x,-y)=F(Cx,9),
the conjugate of F(x,y),
Gii) F((x, 9) -G, s)) =FCx, 9 - (r, s)? =F(x, 3) - (r+symn)?

LEMMA 13 If F(x,y) =1, then m=1 or n=1,

proof : If the equation @ has the plus sign, then
F(Cx,y)=0(C2mx*—1) + 2xyv/mn and 2mx*—1=1, i.e., m=1,
Or if the equation has the minus sign, then
F(Cx,9)=C2uy*—1) + 2xy/mn and 2ny*—1=1, i.e., n=1,

LEMMA 14 If F(x,y)=C(Cr,s) - (r,s) for some solution

(x,9y) of @ and (7, s) of @, then m=1 or n=1,
proof : Let F(Cx,y)=Cr,s)-(Cr,s), and consider
F((x,9) - (r,-s)) =F(x,9) (r,=-s) (r,-s)
=(r,s) - r,s) r,-s) - (r,-s) =1.
Take (w,2z) =(x,9) (r,-s). Thus ® has a solution (w, 2)
Such that FQw,z)=1. By lemma 13, m=1 or n=1,

THEOREM10 If (x, y) is a positive solution of @ for both

m, n>1, then F(x,y) = (r,s)*™' for some nonnegative in-

teger %k, and where (r,s) is the fundamental solution of @,

proof : It is a consequence of lemma 11, lemma 12, lemma 14
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and- (MNcorollary 2 restricted %2>0. ( consider corollary 27)
THEOREM 11 If @ has solution for both m, n>>1, then @

has a positive solution which maps under F into the funda-
mental solution of @0,

proof : If equation @ is solvable, then it has a positive solu-
tion. Let (x,y) be a positive solution of @ and let (r,s)
be the fundamental solution of @0, By corollary 2’ and the-
orem 10, for some nonnegative integer £k, F(x,y) =(r,s)?!
= (u,v)?-(r,s) for some solution (u,v) of @,
Now consider (w,z) = (x,y) - (u,-v). We have F((x,y)- (u,-v))
=(Cr,s) (u,v)? (u,-v)? = (r,s). Since F(w,z) = (r,s),
then w and z have the same sign. So one of (w, z) and (-w,
-z) is positive and the other is negative. Using property
Gy If necessary, the positive one, say (w’, z’), is a posi-

tive solution of @ such that F(w’,z’) = (7, s).
THEQREM 12 If @ has a positive solution (x,y) n>1, m>1,

(%, y) is the smallest solution of @, if and only if, F(x,y)
= (7, s) the fundamental solution of @,

(proof)( = )(Due to K. Petr) By the theorem 11, there is a
positive solution (w, 2) of @ such that F(x,y) = (r,s).
Now if the smallest solution of @ (x,y) # (w,z), then
by theorem 10, for some nonnegative integer k, F(x,y) =
(r,s)*', Then

F(Cx, ) = (Flw, 2))*", i.e., (xvm+ yvn)?
= [wvm+ zv/n)*1]2,
But xvm+ yvu = Cwvm+ zvn )***' is impossible if 2 is a

positive integer, since (x, y) is the smallest solution of @©,

(1) In corollary 2, # is considered %.
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Therefore (x,9) = (w, z) i.e., F(x,y) = (r,s).
(<) (Due to F. Arndt ) If equation @ has the plus sign,
then 7 = 2mx2 — 1, or if equation @ has the minus sign,
then 7» = 2ny? — 1. Let (x4,y,) be the smallest solution

of @, Then
F(xo,yo) = (mxoz+nyoz)+2xoyo mn = rvo+ So v mn

is a solution of in which both of #,, s, are positive
integer. Now if @ has the plus sign, then =z, <x im-
plies that 7, = 2mx,*® — 1< 2mx? — 1 =% which is impossi-
ble of (7,s) is the fundamented solution of @, Or, if @
has the minus sign, then y, <y implies that 7, = 21y —
1<2ny? — 1 =yvr, again, impossible.

So, (x,y) is the smallest solution.
THEOREM 13 If equation 7% —mns® = -1 1is solvable, then

@, with both of m, n>1, is not sovable for either sign.
proof : Let 7#? ;mnsz = -1 have fundamental solution (7, s;).
Then has fundamental solution (7. +mns,®*, 2r;s,) =
(272+1, 2r;s,) since 7," —mns," =-1. Now, supposed

that @ with the plus sign is solvable and has smallest

solution (x,y). By theorem 12, we have
F(x,y)=C2uny?*+ 1)+ 2xyvmn =27, >+ 1)+ 27,51 Vmn .

But 2#ny®> +1=27,>+ 1 implies ny® = r,>, which is im-
possible if # 1is not perfect square. In minus case, we

have the contradiction.
THEOREM 14 If @® is solvable for both of m, n>1 and

has (x4, yo) as its smallest solution, and if k£ is a non-
negative integer, then (x,y) is all positive solution of @®

where
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xvm+ yv = (xo Vm+ yovm)?.

proof : By theorem 12, corollary 2°, lemma 11, (xow/m+ yov/m)?¥1=
(xo Vm~+ yo/n )x'vm+ y" vu) for some solution (x’, ") of @. Thus
(xy m—{-»_yo Vn ) always gives positive solution.
Now suppose that there is a positive solution (w, z) of @
which is not given by (x,+/m + y,+v#% ). Then for some

nonnegative integer k, we have
(o vm+y, vu ¥ <wvmtzvn < (xovm+ yo v/ )23
If @ has the plus sign, then
1< wvmtzvn) (xogvm — yo/n ) < (wodm+ yov/n)?.
If @ has the minus sign, then
1 < CGwvm+ (-2 Vn)(xovm —yov/u)* < (xo/m+yo/n)?.

So [Cxwdvm+ (£2)Vnl(xovm — yodn ) =y + vvmn
for solution (u,v) of by lemma 11,12. By theorem 12,
(xovm~+ yovn)? =F(x,y) =7 + sv/mn is the fundamental

solution of @, so that either case of sign we have
1<<u+vvmn <7 + svmn .

It is impossible.
EXAMPLE P The equation 7x% — 13y% =41 is not solvable.

_solution: #? — 91s? =1 has the fundamental solution (1574, 165),
but 1574 £ 27 %% *1 for all «x.
(D  Solve the equation 13x% — 2992 = 1.
solution: 7#? — 377s* =1 has the fundamental solution (233, 12)
Then (x,y) = (3,2) satisfy 2-13x% — 1 =233, 2xy = 12
and 13x* —29y® =1. So (x,y) is given by
(3V/13 + 24/29)%" = x /T3 + yv29.
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8 a-+ b-10% = (a + b)? (Hashway-Lossers equations)

The title problem was proposed by R.M. Hashway and solved
by O.P.Lossers. The solutions yield some interesting numbers
in the decimal system : for example, 2025 has the property 2025
=20-10% + 25 = (20 + 25)?%.

The purpose of this section is to generalize this problem by

giving a method for solving the diophantine equation

%ot x, A5+ 5, A% A eeeeee dx, AP = (xg+x,  oeeeee REF 2% LARTITEE @
where A, s, and k are fixed positive integers. If we replace
KXo %yt eeeeee +x, by x, we then have

xF = x4+ x,(A°—1)+x, CA* — 1)+ eeeee Fx (A — 1) ceeveeen @

and, using the notation A°—1 =B, we get the congruence
28 = & (mod B) . ceeeeeereerescecensectictiitiiiontiiiiienitsstenetiiatisens ®

From the solution of @, we can determine the integer
values by the variables #n, xq, oo , %, in @ ; thus it is enough
to solve @, Let A be an even integer so that B=A° — 1
= Pl P eeeees .7 is odd where pi, py, cvoce , pr are distinct
odd primes and a; >0 (i =1,2, ===, 7). Let g; be a primitive
root (mod pi*i) and let d; = Ck—1, ¢ (p:*i)), k—1 =did:" ¢ (pi®)

=d;ci;, where ¢ is Euler’s function. And p; = Iy and G; =0

or G; = g;‘i% where ¢q; = 0, 1, s di—1Ci =1, 2, s 7).
THEOREM 15 All the incongruence solution of the congruence
B are =x = él G;P; 9 (0% (mod B)

proof : Congruence @ is equivalent to the congruence system

x* =« Cmod pi*t)

..............................
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First we solve the congruence
x* = Cmod pi=i) (1< 5 <p Yemeeeorencrones
But (x, 2*—1) =1, so by x = 0 or
BFUE 1 (0d pi¥i). sereeseeeeerseereseseneisinnananieananas ®

In ® we can write x, using the primitive root g; in the
form x=g; (mod p;**), where 0 < pg; <o (p;*).
Substituting in @, we get g;* Vs =1 = g,° Cmod p:*i ).
Hence (k—1)8;=0 Cmod ¢ (p,#?)), which means that (k—1)8;
=d;d;B;is divisible by ¢ (p:%) =d;c:. Therefore (d; ,c¢c:)
=1 implies ¢;|8;, i.e., B; =ci;q; for some gq;. Here
0<g¢; <d; because of the bounds on B;. Thus the solution
of are x =0 (mod p*), x= g;%% (mod p;**), the num-
ber of which is d; - 1, taking into account the possible
values of ¢q;, and all the solutions are incongruent Cmod p;%).

Thus we have

x =G, (mod p,"')

x =G, (mod p,*v)

Thus xPi¢(p"ai) = Gipigb(p"ai) (mod B). So
x - 2 [)i¢(pi g = X GiPigb(pi ?) (mod B).
1=1 i=1

We must show for the proof of the theorem that

pi¢(piai) = 1 (mod B)

r
i=1

But that is obvious since p;% |p; for i Fj

by the definition of p; and p;% I(qus(pfaj)—.l)_
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( EXAMPLE ) Solve the diophantine equation

X0+ %1024 %,10% + --eee 4+ %,10%" = (xq+ 2, + -ooeee +x,0%.

solution: First solve the congruence =x* = x (mod 99)

In our case B =99 = 3%2-11 so p,*t = 3%, ¢(3%)=6,g4, =2,
d,=(3,6)=3,¢,=2, p, =11, G, =0 or 2%1(q,=0,1, or
2) ; and p,z2 =11, ¢ (11)=10, g, =2, d, = (3,100 =1, ¢, =
10, p, =9, G, =0 or 2°=1. Thus one of the solution of

congruence is

x =90 =45  (mod 99 )

Every number of the form x = xo+x;+ e +x, = 45+ 99 ¢
(t=0,1, 2, ccoee ) determines an (n, g, *== , Xp integer
solution of our example. For example, x = 45

45* —45 = 4100580 = 4 - 999999+ 10 - 9999+6 - 99,
and so =3, %3 =4, x, =10, x, =6, x, = 25.
Thus 45*% = 4100625 = (4+10+06+25)*.
9 2°—2°%|n*—n® for all » (Selfridge -Sun Qi-Zhang
Mingzhi’s equation )
Recently Selfridge asked for what @ and & does 2° — 2°

a

divide #° —n® for all # ? 1In 1985, Sun Qi und Zhang Mingzhi
solve the problem completely.
Trivially., (1, 0) is our solution. So we can suppose

1<p<ag and a— b =c. We have 6 Lemmas.
LEMMA 15 Suppose (a, b) is a solution, then 2| c¢ except

Ca, b) = (2, D.
proof : If b>2, put n =3, then 2°(3°—1, and 3° =1 (mod 4,
so that 2| c¢. If p»=1 and ¢ 1is odd, ¢>1,
we have 2°—1 =7 (mod 12) and 2°—1 has a prime factor
pFEx1 (mod 12 ), then 3 is a quadratic nonresidue of p

and p @ 3°—1, therefore our relation 2°—2° | ne—n® is
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not true #»n =3,
LEMMA 16 Suppose 2 < b<a and 2°—2° = 20pip,2 e D™

where p; are distinct odd primes, the a necessary and suffi-

cient condition for (a, b) to be a solution is

(i) 20%]¢
Gii) P(pi*) e Ci=1,2,c ,5), where ?(¢) is Euler’s
function
(ii) b= Ma% (a;)
proof : Suppose (a,b) is a solution, put #=5, then 5° =1

(mod 2°). Since the exponent to which 5 belongs (mod 2°)
is 2%, so that 2% ]¢.

Let # be a primitive root of p;*, since p;* |n®(n°—1)
and #° =1 (mod p;**), so that ¢(p;*)|c.

Put n=p;, since p;* | p;*(p;®*—1), it follows that bs>a;.

Conversely, suppose that the condi tions (i), Gi) and (i)
are satisfied and # 1is an arbitrary integer.

If 2|ln, then 2°%|n® —un®. If 2|u, then, from (i),
we have n° =1 (mod 2°) and 2°|un°—n’.

If p:ln, then p;* |n®—n® from @ii). If p; |n, then
n® =1 (mod p;*) and p;* |n® —n® from (Gi).

Hence, we have 2°—2°|n®—n® for arbitrary #.

Similarly, we can prove ;

LEMMA 17 For b=1,2, (a,b) is a solution if and only if
the conditions (ii), (iii) above are satisfied.
If Ca,b) is a solution, sﬁd(%) where s is the number

of distinct prime factors of 2° — 1 and d(k) is the num-

ber of divisor of &.



50

st E @
LEMMA 18 If 8l¢, then (a,b) is not a solution.

proof : Suppose (a,b) is a solution, but ¢ = 2u, t >3 2+tu-

t—1 i
Since 22*—1= (22t —1)-f=f- I (2° + 1), and every prime
i=1

factor of 92" 1 1 is of the form k2'*'+1, so we have
ql2°—1, where g isa prime factor of 22t-1+ 1. From lemma

16,17, we get ¢(@lc, 2" |2'sw which is impossible.

LEMMA 19 Suppose ¢ > 2, if ¢ satisfies 24:7:>3'—%—,

then (g, b) is not a solution.

proof : Put M=p;ti= Me* (p=i). If s=1, then M= 2° — 1.

iISi=ss
Since S"(.M)zM-(l—‘—le )Z%M=2(2”~1)'%>c when ¢ > 2.,

and this contradicts (ii), so that (a,b) is not a solution

when ¢ >2 and s =1, If s>1, then M >2° — 1. Since

M* is odd, so M°®>2°. By inequality sSd(%) we have
vanz2m>L 28> 2. 2" 1 2 9 >3- L, then

oM > c. It is impossible.

If p=>5 is prime, then (a,b) is not a solution when ¢=2p.

LEMMA 20 For all positive integer # we have
dn) < V3n
proof : Assume that n = /I gi¥i to be the standard decomposi-
i=1
tion of #u, then adn) _ f (Bt D) Put f(B) = ptl
s 4\/—11_- in1 qlﬂT,_ . q_% s

by differentiation, it is easy to verify that Ff(B) is de-

creasing in the interval [ 1, o) if g¢g>e, and F(B) is

2

decreasing in the interval [ 2, o) if g >e ®, so that
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we have
B8: +1 2
— < for ¢q; =3
WE S
Bi +1
- = 1 for ¢g; =5
qi %
and —ﬂL—:_l < 3 Therefore d(n)/ vn S—g—' 2 =43 .
5 7 2 . 2 V3

By the way, the coefficient 4/3 can not be reduced further,
since d(12) =4+/3-12 .

THEOREM 16 For 0<p <a, our solutions are

(a,b) = (1,0),(2,1) ; (3,1),(4,2),(5,3) ; (5,1),(6,2),(7,3),
(8,4) ; (8,2),09,3) ; (14, 2), (15, 3), (16, 4).
proof : If a#1, (a,0) is not a solution by putting =z = 2° — 1.

23

Put g(c) =2 —3¢/2, Dby differentiation, it is easy

to verify g(c) > g(66) >0 for ¢ =>66.

/4§ < , VIS

From lemma 20, 2 By lemma 19, it

V2 /
follows that (a, d) is not a solution when 2 “/? >3c¢/2.
So (a,b) is not a solution for ¢ 2_66. Therefore we need

only to consider the cases when 2 < ¢ < 64.
We can reject ¢ = 64,56,48,40,32,24,16,8 from lemma 18
and ¢ = 5p = 62, 58, 46, 38, 34, 26, 22, 14, 10.

By straightforward calculation, we have that the equation

zc/"(T)>—§—c is true for ¢ = 60, 54,52, 50, 44, 42, 36, 30, 28, 20,

18 and all of them can be rejected. Hence there remain ¢ =
12,6,4, 2. In these cases b can not exceed 4,3,4,3 res-
pectively.

For ¢ =12 and b =1, since 2%—1=3%-5-7-13, the condi-

tion (Gii) in lemma 17 is not satisfied, so that it can be
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rejected. Similary, the case ¢ =6, b =1 also can be re-

jected, since 2% — 1 =32%-7. It is easy to verify that for
the other twelve cases the conditions in lemma 16, 17 are

satisfied.

Adding (1,0),(2,1). we obtain all solutions.

2 Summary

We have consider some Diophantine equations e.g., linea typed

equations, Pell’s equations, Walker's equations, Markov’'s equa-
tions and so on. But there are another many famous equations. e.
g., Thue equations, Modell’s equations, Catalan’s equations and

exponential or generaltypes and so on.

How to solve the Diophantine equations ? But regretfully,
there is no general method.

Hilbert proposed the famous problems in his 1900 address be-
fore the International Congress of Mathematicians.

Hilbert’s tenth problem is to give a computing algorithm
which will tell of a given polynomial Diophantine equation with
integer coefficients whether or not it has a solution in integers.
Recently, Matiyasevié prdved that there is no such algorithm. It
is very interesting.

And Martin Davis, Yuri Matiyasevi¢, Hilary Putnam and Julia
Robinson have proven that every recursively enumerable set is D-
iophantine. So, the set of prime numbers is Diophantine. From
this, it follows that the set of prime numbers is representable
by a polynomial formula.

Here is such an polynomial.
THEOREM The set of prime numbers is identical with the

set of positive values taken on by the polynomial.
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(k+2) {1—[wz+h—|~j—q]2—°f(gk+2g—l—k+1)'(h+j)+h—z]2
—L2n+p+q+z—el? =16 (k+1D(k+2)(n+1)%+1 - f2]?
—Ce’(e+2)(a+1)2+1—-02)2—[(g?—1)p2+1—x2]?

—C167%y* (@®> —D+1—-u*1?—((Ca+u® (u?—a))? —1)(n+4dy)?+1
—(xtcud?I?—Cnt+l+v—3912—(Ca?—1)I24+1—m?]?
—Eai+k+1—l—i]2—[p+l(a—n—1)+b(2an+2a—n2—2n-2)—m]2
—Lg+yCa—p—1)+s (2ap+2a—p*—2p—2)—x]?
—Lz+plCa—p)+t Qap—p*—1)—pm]1?}
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(bisection

Algorithm  1: Bisection method Given a function f(x) continuous on
the interval {ag, bo] and such that flag)fide) < 0.

Form=0,12,...,
Setm = (a, + b,)/2

until satisfied, do:

If fla,)ftm) & 0,56t dy,y = ty bpyy = m
Otherwise, set @, ,, = m, by, = b,

.. Then f{x) has a zero in the interval [a,, 1. b,.4]
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Algorithm  2: Regula falsi Given a function f(x) continuous on the
interval [ag, by} and such that fagfiby) < 0.

Forne=0,1,2,..

., until satisfied, do:

I Ra)fiw) S 0,56t @,y =a, b0y =w

‘\Cﬂc‘“m w = [fib)a, ~ Na)b,l/1f6,) — Ra,)

Otherwise, seta, . = w, b, = b,

o]
Aol A o<

1.324714 ---

= f(b16)

ol 714 7 A

510 A
wel e

T

[e]

2 ol e o

Algorithm-g- 3

et

O] x]

g A stedle AANFe &

o 1647

= Q16 Sxogble =2
Faye) = -1.95 % 10 ©

< 0<5

ol &7

Figawe - 1 Regula folsi.




56

f(bn) 'an"f(an) b o
f(bn)“f(an)

El'g ﬁi] w=

7+

FA (@n, f@)) F (barf(b2)) S 533}
< A4l A= Aol o A2 flo
dAdolz, 89 dollA [ = AHE
=3}
fG 9 9ol 9A =k
wetd we §9 A%l FolA =Hreh
7k9l A2l Algorithm-& Brh=] wh

<

Lo
ofi

ofN

7} golmE A T4

o

fo
I

oz MY F 3

2 oA el SR 7H9A Wamo-
dified regula falsi) 02 TIAL 7]-L7]
B m BEEd wt £9 we U
o yZel £w7hx wEdeh e 13

2ol & veEht 3l
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Algorithm  3: Modified regula falsi Given f(x) continuous on [ay, by}
and such that flag)f{be) < 0.

Set F = fiag) G = fibo), wo = d

Forn=0,1,2, ..., until satisfied, do:
Calculate w, 4 = (Ga, = FB,)/(G ~ F)

I @) Wper) S 0,888, 01 = G byyy = Wy G = fiw,yy)
1f also AW AW, y) > 0,861 F = F/2

Otherwise, et @, = Woop F = Wy byuy = b,
If also f{w,)f(w,,,) > 0,381 G = G/2

Then f(x) has & zero in the interval [a,, 1, 5,4,]
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Solve the following problems.(I)

1. Evaluate the following integral exactly :

n e in (1= dx

2 Let S be a semigroup in which, for some fixed integer
E>1, x*'=x and xy*x = yx*y for all x,y in S§S.

Show that S 1is commutative.

3. Let ¢ be a permutation of the digits 0,1, 2, , 9.
Let f be a function [0,1)—(0,1] where f(x) is
obtained from x by applying ¢ to each digit ( except the in-
tegral part ) in the decimal expansion of x.
ie., if x=0.a,a,a;z = for 0<a; <9, f(x)=0.b,bsbs
where b; = o(a;).
(@@ Is f continuous ?
() Is f differentiable ¥
(¢) Does j:f(x) dx exist 7 If so, compute the integral

( Rieman integral.).

4, Let §,, eeooe , S, be a list off all non-empty subsets of
{1, e ,mn}. Thus k=2"—1. Let gy =0 if S;(1S; =¢
and a;; = 1 otherwise. Show that A= (g;;) is non-singular
matrix.

5. Prove that sin?x < sin(x?) if 0<=x< / —725 .
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Solve the following problems. (IID

1., When 4444*** is written in decimal expansion, the sum of
its digits is A. Let B be the sum of the digits of A.
Find the sum of the digits of B. (A and B are written

in decimal expansion ).

2. For E:(xl,xz, X3)ER35 set A=A($)=x1A1+szg+x3'A3

where
000 0 i 000 i 0 0= 0 0
A'“(o 0 -4 0) ’ AZ“(O 0 0 z> A =0 0 000
Lo i o0 o i 0 0 0 Lo 0 o0 i
i 0 0 0 0 -5 0 0 0 0 -5 0

and let I'=1T(&) be any positive oriented closed curve eclosing

the eigenvalues of A(§).

Evaluate the following formula where B is any 4 X 4 matrizx.

I(B)-—_f § tr {G=DT (BG—A" 138 207 d1dé .

3, Find the limit of following sequence.

ST TG /)
1()(> (1/2)/@3/4) {; ;1} {10 113:} ......

(5/6)/C7/8) (5)/ (5) (iiw (16

4, Solve the following diophantine equation.

113151 weeee Gn—11 = m)

5‘ Let 11 — S‘: xlxl dxl, -[T :j: j-: ...... 52 (xlxz... xr)(xle!'"x1>dxldx2 .en
Show that
@ Il:IZ<Is<I4< ...... .’..

@ 11'12 I'r = 1-
( Remark ; I, = 0.78343051 - )

9
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A mathematician who is not also something of a poet will ne-

ver be a complete mathematician.

Mathematicians are like lovers, ---

( —KARL WEIERSTRASS-)

Grant a mathematician the

least principle, and he will draw from it a consequence which you

must also grant him, and from this consequence another.

{ —FONTENELLE —)

( Arithmetic] is one of the oldest branches, perhaps the very

oldest branch, of human knowledge;and yet some of its most ab-

Struse secrets lie close to its tritest truths.

{—H. J. 8. SMITH—)
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Mathematics is the tool speéially
suited for dealing with abstract con-
cepts of any kind and there is no li-
mit to its power in this field. For
this reason a book on the new physics,
if not purely descriptive of experi-
mental work, must be essentially ma-
thematical .

(P. A. M.DIRAC (Quantum Mecl'ranics,
1930))

®



114

m_mqw mEgm %ﬁoa.w.llapﬁm_ﬂﬂﬂ
Xp w 0 . CR UGN e T
o - D E oo @R o o
L =o 70 rrﬁ ) M ! oo W o
P w of M -
o e ML I Mo - ' ,mﬁ TN B
T ol < B gy mm W T o ~+
ROy o Ho wr = ol I
° A o - 7
—_— L .W L, UL _.LO ‘mma le I .IL — ‘% l
o] ,C.... IW. 7H 1|. OT_ ZT R o ) .
T o B S S S R oo w oW
wowg N CLC R R
.%wﬂ = < ;01_ uiol R = ﬂo ﬂ _.Mu.rw &_l i ...“an.
e o - = Of o m T - e o =
"o ® A T R M
X e ¥ .aro_ i OE st [ _._A_I ET ey °
) & T O B o o
% I
o T 5o s AN i
o N o Wy ®D WT B
iy o o o Eo OME _.LO ﬂ I 1w G . o Iuwa
o ] < o o oo W MO wm wo
X T B oup e oae wom B N o
dmﬂﬂ;mowﬁﬂmjomu%ilm
=7k ©° = S
Howm BT o O NS e
o X i IR N- o o
oY OV = BT s R S K | T iy |
= X ol T bt ol o=
O_H i — l_l ™ o= .m.u_l
N —_— =W & = o w
DA R T o S o
i CLCT A 4 wowm ™ g -
D N T S T S
T A o w® W K R W T
ml_ . ‘I.H{ ﬂWL .ﬂ . O?_ ‘ﬂul __Ou \.‘Mvﬂ ‘ﬂ( O_E
X 1 - I - T o
TE B I T .
I T A P LR RN o !
oy e N oo XN T
o L o W T oW o
Muu = mzw. ofd o No 5 A b w® B = oa e
° —_—
I R TR G T I A B e
T o oo o o wOW X BTN T g owm

=4
A
4

A
oI—o]

skel Al BS54 &80l
ol& FAlel AxARE

kel

=]
o
/11
o A

Z=
=

1

ARy

170 =4 =
=)

il

5t5]

EEEREERE
Z

75
gz 9

+#

vzr.

<)

=
=

k.

A%
7ol Fo2d a7y

A ol d ek Bl

3t
o %
I

@)

<)

I
=5
L=
o
A
i

El

[}
Az
=

|
]

2]

of
=
=
7



sinjc] @

]

5]

@ 4-190 oy

115

i

AAEFY

A A
o F=2 Arbslel A 3AA mlFol A4l

ki3
=]

g 53

s

=2
=3

A 2 A4 Ws

L
L.

34 A =]

=

Hl
=

1960 9

A7k
o) 2 A0 A AT A A

4.19

ol F 7

< AAA 7SR

G719 Al

Hels

Al A 7

i

3

=
=

Sted yhghet

7oz

faz =] &

Kl

s

A B DA vl

e
=)
=]

oz A% 24

kel

32 A7l o 2R ofy

tol = =hehdt o 9

ks)

= vEe

®) A7

7198 == o9

°

2

i

Aol HAzAA A AgEw A 3AA 1

J

-t
i
==

o
Mo
frowi

i

ol ol

A=

A

HFa ol FHA A

o
A

=
=]

A&

]

2]

Shitell =l

Auele] A 924 9=

AT A edE wlFeA e, A= g

mﬂo

7ol

A

b

ek whebd BAH st ool 4

<0

e
b
6

bl
B

el

K

ol HAH

ol

o

o}

%O

o

—

<H

oy

A2
a1

o

EA ulAd L oA o2 E wys] A%

S} e

kel
7

ol A o] A

|- AAA 97 &

X

oy

3



116

n} &

8t

TN oW T OF TR
o= o X -
ﬂ“ N ‘_,J_ﬂ G M oﬁ_ Wr” j s 3 dr ok
X p =) o B BT R — = s o
IF/I w._n . \WE M_uw_ EA_VME lDr 12_.0 ﬂ 1m_l ‘._Mo Ho =ME ) ..EIL ﬂmﬂ_ IWE
i Ul | o}y © xo _rl B sl — o ,_AA_I w — ey - iy
= 7 o o W o K4 X _—
2 o T R = i g c =) Yy w 9 T o
<o R = % o WK e o= T — © kW
T oo FACE P TR S G o o
W= o T o L & O WOT Ay o - T ol
o M B T W i A - o B A T o
T mo W — T eH o o ol 2T K g g o o
< = B ° 2 o o 9 < ° A ™ oF
Xow N o _ — O X m
L B .Ho o bl () o ™o — _,;E ,L7| (s
™ 53 Ao no H o ~ X o
B " Y [T~ op B . Rl o
g o T W < ~ o~ AP - . |4 ) oF < 1 e
7l
W = m B N mlﬂ mmﬂ_ fal S B = . 1+ A WLI = o T
T ™ R T O oy W R N 3
L-_ <t oe] = = U AN O . RO 5 )
— Hom- ofm 0 o ol
woT LT T CR L T S T
R T = EOE S T o X %
o x B> X ool T
A < I w
Hﬁ. .WO N o ©o ﬂ N i ny o
DN s ; ~
= 1 I BT T~ N M? = nm..o ,mw » ,MT &E N R B~ ol B v —
oo — 2y Zo g RO o %o T o <~ @ ooF W Ee
e N > TR e o B, xR N
X T S R R TP epge3d ! X 2w T
fo o K RO . B®r : W T o 3
w_e%%vw%r%%ﬂﬁwwnm;u%%%z A A
ey R o T of < e 9 > — R T ° 7
,mwl\_ X _‘io E%E OT_ E._ ) o) _/_l ET ,.Jvm m KO Ouu ﬂAW NJM :...;l:._ 1% HT.C 1011_ = = \m.l ~X ~
W T = P o m ,mm_ T F N Wm mn_ i | o > Mr,_ oy B ™ 2 s o A
"X oY o -~ N % X 0 ~
aqw%m_42|7rmaw&_ﬂ1m. o 2 ﬁﬂo%@oﬂzﬁn%,i%ﬂ%
I A R B AR A N
NOE ol p E s od g T o5 oR o n X .
A > < - TS M o o fuv BT T
oo R A WoR oy R Y = P e o m T T W &
S = oo o O g oo N B
= oo - - F N m o] o o) < o o -~ 5 [ wom M o
o ol w_mo Ly o) oW ﬂ " ll _ R i w50 = 1Dr &o = o_a oﬁ o W o
o m W U n i
b g EFE P G g P RE Pow B o @ ok B
Fi = oy Sy TR T g R S e B i il
* T oF MW W P ko o W W %mmlrm_ P ERD iiﬂﬂ%ﬂ
N (s SV R~ —_— o
S S



ojc] @
o] 2oy

b

—

©

9

Hod

o

©4-1900 cy

2o A () 9 7

117

w:_m M ]wm % % o] Foly w.t o o ™
B EpT gy d T g
o G i B
P T S S B T R e
IH Lol S A 257 o of-
Tl o o = pr , 7 o T _
o % ob Lz T w . - = -
L
B B oo ©ook P LDy &
— —r H =
xS0 o d g T ox WO -
o B mITL T Eox B Mﬂ 3 ﬁu Ty il
W~ i
T ogook DT oy TN T b o =
FRETE PN Ng T oW of
T I S ~ B Mo O .
_~ L N ' f
= o o =X o w T s A al
I T T R R . .
] N N —_—
I - °
1 B3 o .mm_d
%wﬁ%ﬁ.%%%%lﬁoi T RO AT g T T
T oju = o X ;ﬁm_ - dn o I k3 o o~ = oo @1_
- = = )N o o = By e T oL @ W i "
. JK
e D l_l ,ﬁl ) ox el - N — N 0 il X
o] ooy &3 & B pow h 3 M,L ? "
of g Wy TN Mo & o e T Cl
\a Lo o ,IJA o
o) - Z_l E_E =0 o ﬂ _Z T kB
N = R BT ol g I
0 o = B o X 1
2 oy g e oo oW
o :
o B EO oy T . 4
T I I S O L S S )
oo KA = 3 Y owow T m R E G oW
S I AL S O A A
X L
mommmﬂmw%ﬁuﬂo_a%l MﬂarﬂLoML%erO_L
— oL ° £3 i
G N N L PEF opde o Mo
G SN Mo xR RB R o o & W
i oo T of (i EL oz KB v o :
oo~ = = = N o0 i o0 ﬁ M plr Mo oy
PRk e Tk T T e N o 25 oS
T Moo = & % 5% (O I U N

)
2
7

A=)

o 2o 7}

1
z v olol wal AEI v AA L

o 2715 2 AEe B 994 H

o

[e)

R

=
=2

it el A o

o] B A},

=
=2

afl AF3k Al 9o 7} FEZoll Ao

(e}
e e e



118

Sol 2} F

¢ & o g ¢

Tod

%O

N

22 Ao

Ko

A 5.16 FALFE|Efel & FHAE

2k

&

5
iz
=l

il

wjp

SEAA Y AN, SulA.

19609,

2.
5.

3ol A

E.

[s)
2oz o

FA ZA "kl

1.

T

247 oll A

=y
ke

7 A BA

ol
Ho

o

off

4

e}

£

]_

Fe %

0]

o Aokl A7A Yul & 7Rl 28

o] 60,70 342 =T 52

)
gy
n-

i

o

g

ofm
<
ofo

—_—

.“ot

o
e
e

K

shohe] whehe] o]z,

#Aolm o] A

T

=+

ol
K

JJd

B

7HA 7 A oA A

o 4%} of

ot}
N
1%_:

G

=

-

EEERED

% 9ol

o
i

)

X
._O*_l
*

1922+



OFor 49
O R FT
oW =
O?&EF T TP
—<Fdll—
OFwr T wpgop T or 4 ae
O WaMp MTT
o
O gl
—<42—

O%ET % T




120

) Z®M(85)

®
O

A
b

9|

HI

.

ozt 4

o g8z 7}
oA

A2te]

oju
S

Ul

M

3
N
=0

A
AR5z

r

2 $A

v
T

o &

3
o
o

ofo

™

B
ol

L=
-

o 2

47k

ol
=~

A v A



4:) ol =44 (85)

S= 1

T
1

:

CEETE

1

=2

h=

121

4 B el A9

7
oHA F

o]

j IW wjp >
A Ty w Ol BT KE o
{5 ook o A 5 T T O 2
R | I G o s x =
CIL . w_: :.E - Lt = Lt L_.mo
o of T A wjn R RO - - o proeB v
L T - L C R CRTE N e | Sy o o
S N o2 o oh ® T N " T o w3 "W



| (85)

ol &k

K

t

£

122

o] Al

vhule] 2

_g]

e

i

Ar
o)
oH

o

)

A7l HE A&

B

tge s FE3
W7t Q& qkebFek, ¥ivh vE qkobEk.

o7
{Jo

%
oH
i
oH

~

;01_

=

T

3 A=A

[s)

=

bl A53s £
el A%

5

[e)

iy

2.2} ¢ 9]
L=
i N

[e]

=

38 (62D
L, 8 A

5

3

94

A A

o} %] 9]

Lz o]
=

ol
=

EAz o3

7|2 ¥

-
Bk

o(;t:

skt

[=]

9

o
——
o
o}
o

W‘M .
3
ﬂ_u
un_
=
B
HK
o
-
——
o
~
T

& obF.

o 7oA .
1999



-
(L
oM (84)

O

o] (4

123

[wum

)

file]
B
=0
oju
Wl

oY
o}

A

el

=

7l Phe 2

A%
RN
T
A

o

oj

R

o
T8

§J—.

Hhake]] % 2jof

WE wlikot

=
L.

Ag 21]'

i
s




124

2
FAE AT 2 F, Be FAAEL £ =4S FA% SIS Hol BA

g 5
8729 8L AFsnA ok =, @ F3o 59 Computer & o] &3}
Sore WA Ad Bm At AM BB Eed KEs AWM ABY E4
ol Computer ko) ol4Ael z32 off 4 2% sl WAHEE ¥4 A9

GA5] =" Hzm Ao

-®© : ®

——

The infinite / No other question has ever moved so profoundly

the spirit of man.
( —DAVID HILBERT (1921) —)

The notion of infinity is our greatest friend;it u also the gr-
eatest enemy of our peace of mind -+ Weierstrass taught us to be-
lieve that we had at last thoroughl} tamed and domesticated this
unruly element. Such however is not the case;it has broken loose
again. Hilbert and Brouwer have set out to tame it oncemore. For
how long? We wonder.

_(,—JAMES_PIERPONT (Bulletin of the American Mathematical

Society,1928) )
(@
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b 28 Aol AAstE o3 A
(28 28 18,9 AA, 18 90 ~ 158 94 g5)e04 ozl 4% 60

A, B9l ASE 704 ol 4 ASH o} qeh

a)G P A:3.3/3.0/2,75/2,57/2.3/2.0 (4.0 SCALE)

b) TOEFL : 600 / 580 / 550 / 530 / 500 / (800 F)

c)S A T ( Scholastic Aptitude Test ) : 7z} 8004 =}A.
VERBAL PART : 650 | 600 | 550 | 500

QUANTITATIVE ( MATHEMATICS ) PART : 700 | 650 | 600 | 550 |

500 | 450

zw 1,2,3d HF AFol 3.00]4 =z Toefl 4= o] 5504, SAT (V+Q)
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e) FAA 1 =g 24

f) Toefl,SAT score report

(4 ) APPLICATION MATERIALS & Huiz= A|7]

dead lineg oA43x @z 44 Hule Zeol o 3% gdrle 1d Aol
apply 3t Zol ul&# 3ot

APPLICATION FORM, APPLICATION FEE, AFFIDAVIT OF SUPPORT,EN-
GLISH TRANSCRIPT, CERTIFICATE OF GRADUATION, LETTER OF RECOM-
MENDATION, AUTOBIOGRAPHICAL ESSAY 5o o4 ®ulsz Toefl, SAT score
52 dead line 7bx] = 2A17)5 =}

xu] = o3k ¢d AL first come, first servedo]t}

{5 ) GRE — Graduate Record Examination

7}) GRE9 &3

GRE -+ admission panel o]t} fellowship panel o wolzlEo] QA7) dighd =
g ATALE T F deA 2 A sHE Hpske Fm ARSE =, EmS
GRE scoret #3 4xoli} #349 ¥4 Hslo 512 R8s dc}. GREE =
< a7t dEAYA 875t AL obde Fae] w4 g7dte X3 L75HA
v Xl deod AAE g FamelA e Sk bulletin (85 Dol applica-
tion formg Fzs)oF el EG GREE 878 SuFdAE A3ol madt
Y% % A WFd AYe BES f 24¢ F= AE do

}) GREY A7

GRE+ Aptitude test & Advanced test 2 F3 ™, Aptitude test & g <
Fol A 8F=HE dutde] d#HE HrEE A3 o2 verbal ability, quantitative
ability, analytical ability &] 3 section © & o] Zo|x]w verbal ability test o] &
reading comprehention, synonym, antonym, sentence completion, analogy S-of &
E FA 7} &4 =", Quantative test ol Al& arithmetic resoning, 7Fbst o 24,
292 9 EASY A5l BY BASe] AL o FAX 22 AE WA
7b 1,200 ol olw Fudstet & 4 vk Aol 4£8=HE A7k HEF 3AZ
30 A=xolth

Advanced test £ 533 HE 2ok WY mEol s1%st HE Adel A ol
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Az 2 AL Frisle Aoz e wFxE¥ ETS ( Educational Testing
Service) 2] A E7}Eo] thokdl curricular Sol 4 Hul" el academic field & thf
D2 BE BAE 993 dA%0E AL B4 oYk

Advanced test 7} 873+ satE o 2 o2y 7o

Mathematics, Biology, Physiscs, Chemistry, Engineering, Geography, Economics-

(6> Toefl — Test of English as a Foreign Languge

Toefl Za] = ul= FAAF ZH2Eo]| 3= ETS ( Educational Testing Ser-

vised ol A stz ek A7l AP o 63, 5 APx A 632 HA= ¥ |

T

3 wgs 48z 9

<A oD
cAHAE slulwSY At Toefl AFF-Iroll $53tA v A A 7kA A &g}

2 ALE 89-4 mWd 4015 (FAHAH A D

S
2
o
iy
103
>,
of\

AETHA HHE SAT AT 643F 3l wgslgnt TOEFL AHF-F.
Toefl Test 3412 Listening Comprehension 40 %, Structure & Written Ex-
pression 25,7237 Reading Comprehension & Vocabulary 7} 45 %o % % te-
st Alzkel 110 Folc}, |
Toefl Ak, 600 & o]Aolm native speaker o FH XA %& 9

]
Aoz ud, 5507 ol4eld Aa el BLF Aol 4FL HAGe= 2

a8
QAA o2 Toefl 44& dol7t BFo|7h opd S FolAl LFskAR, HIEA
7t Az Aol BES} Ful & b
Language School o]t} ELS¢} e FAE & o8 71%e AXE 2702 A4
Aoz S4d FBoA ZAR YA AAE FrE sedl, 202 do] Aol

Ao BFlA LFHE Aol ol T WAN FRE ok evke Aol
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<8 ) ZI j&tel GPA 7|&
Minimum | Average .
Name of School . acceptzble | (4.07] =) Name of School Minimum| Average
. Univ. of Chicago — 3.4 State Univ.of NY. / 9.6 3.02
Albany ‘ :
MIT - 3.2 Univ.of North 2.5 2 84
, Carolina / Charlotte ’ :
Havard — - Univ.of T
niv.of Texas / 3.0 3.36
Austin
Boston Univ. 2.9
Calif, State.Univ./
. . 2.5 2.7
Northwestern Dominguez Hills
. - 3.4
Univ.
. . . Calif. State
Univ. of California .

/ Berkeley 3.2 3.58 Univ./ Sacramento 2.5 3.0
Ilju;duet?mv'/ 3.4 Univ.of 2.5 3.0
atayette San Francisco ' ’

Columbia Univ, 3.45
’ Eastern Il1. Univ, 2.5 2.9
Cornell Univ. 3.2
Illinoi  State Univ.] 2.75 3.25
Rice Univ, 3.0 3.2
Indiana State U, /
Callf.» State Unly./ 9. 75 3.0 Terre Hante 2.5 2.2
Fresno
Calif, State Univ./ E cohi
2.5 3.3 astern Michigan
L.A. Univ., 2.5 2.61
Univ. of Calif./
Riverside 3.2 3.27 Univ.of Nebraska/ 2 5 3 9
Lincoln ’ ’
Univ. of Florida 3.0 3.3
Central Missouri _ 2 8
Univ. of I11./ 5 0 g o | State Univ.
Urbana-Champaign ‘ ‘
Univ. of Mass/ 2 75 - Texas A &M Univ, 2.75 3.15
Ambherst ’ ’
Utah State 3.0 3.0
Michigan State Univ.] 3.0 3.3 Univ, ’ ’
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(9> F2 #olMe X% Ranking

Rank Mathematics Physics Statistics
1 Princeton Harvard Stanford
2 UC(Berkeley) M. I.T. UC(Berkeley)
3 Harvard Cornell Wisconsin
4 M.I.T. Cal, Tech Chicago
5 Chicago UC(Berkeley) Iowa State
6 Stanford Princeton Cornell
7 Yale Stanford N.Carolina
8 N.Y.U. Illinois Florida State
9 Michigan Columbia Purdue
10 Columbia Yale Minnesota
11 Brown SUNY (Stony Brook) Columbia
12 .Illinois Pennsylvania Wasington
13 Cal. Tech UC(San Diego) Yale
14 Minnesota Maryland U.C.L.A.
15 SUNY (Stony Brook) U.C.L.A Carnegie —Mellon
16 Washington Washington Texas A&M
17 Brandeis Wisconsin Colorado State
18 " Indiana Michigan Towa
19 Pennsylvania UC(San Barbara) N. Carolina State
20 Purdue Texas (Austin) Rutgers
* Remark; 1] 91 3hg BANAE 53 2ot =z AEAA o7k Y2E=2

A7) AFEokel %
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<10> Stu}dy Plan

$ahg st e Aol AR A9 ¥4 FE FSE 9L Aol AL

==

=
o] Bo} AAE FozM B 2o o] JEEsHE EolA Study Plan w

*
*
wn
o
=
(=N

<
lav]
—_
fav]
=]

*
*

2. AFEo} FoAE B3 HAL #z & AlFAQ EokE A3 AE
3. dAFstnA ste FAY EEed oA

4. Ao AR

5. A7z AL g T3 me HYde 59

6. o] 9ol Study Plan FAo] Tgo] & A

(11> Rsetdo| ¥g = U= ez
gl BBl uF el oIl FAEA AL Y FA Feue Wi T
AL T3 9t} o] we Scholarship-& o}F# Z7 ¢lol F+ ¢
gl wela 9 FolEe 9AE EAb( service work ) & Sk ol
( financialaid ) & g 4 uo] gleh, o] AL £3] assist antshipelz} sh=w],
#A7]oll= Teaching Assistantship 7} Research Assistantshipo] g/},
Assistantship & AH T F Y& dubde 2HAo2F GPAZE 4.0 3.5°]

A, GRE General Test 7} 1,2504 o]4, GRE Subject Test 7} 85 %°l 4, Toefl
ol 5807 ol o] = ojok wie.

9] 8t 4] Assistantship & kx| F3 FYEL2 1387] ol F FAo] 3.254.0
o] Aolm T.A9 R.AZ AAg 4 o} Assistantship®] 87172 H-5 one

academic year ( 9/ Y7k )olz, FH AL $ 1,500 ~7,000H =2 opFste, FH
15 ~ 20 A} 7}9] Serve work o] 2-7-% ¢},
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